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Electronic Structure Methods
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This part provides an educational exploration into the computational techniques fundamental to understand-
ing molecular electronic structure in quantum chemistry. Beginning with the Hartree–Fock (HF) method,
the text introduces this foundational approach for determining molecular orbitals and electronic energies
by approximating the interactions of electrons through a mean-field approximation. The HF method forms
the basis for subsequent methods and is presented with a practical coding exercise that guides readers in
implementing and calculating HF energies in Python.

Moving beyond HF, the text delves into Møller–Plesset Perturbation Theory (MPPT), which improves HF
predictions by introducing corrections for electron correlation through a perturbative approach. This sec-
tion includes exercises on calculating second- and third-order corrections, allowing readers to enhance their
understanding of how electron interactions can be more accurately incorporated. Configuration Interaction
(CI) theory is then presented as an approach for representing the molecular wavefunction as a combination
of electron configurations. Here, readers learn the theoretical basis of CI and engage with practical ex-
amples focused on constructing the CI Hamiltonian matrix and solving for molecular energies, particularly
emphasizing Full Configuration Interaction (FCI) for high accuracy in small systems.

The part culminates with a discussion on the Coupled Cluster (CC) theory, a highly accurate and compu-
tationally efficient method for capturing electron correlation effects, often used for small to medium-sized
systems. By introducing truncations such as Coupled Cluster Doubles (CCD) and Coupled Cluster Singles
and Doubles (CCSD), the text demonstrates how electron correlation can be systematically included while
balancing computational cost. The CC section provides iterative coding exercises for calculating correlation
energies, rounding out the document’s comprehensive approach to electronic structure methods in computa-
tional quantum chemistry. Through this blend of theory, mathematical formulations, and hands-on coding
exercises, the document serves as an invaluable resource for building a strong foundational understanding
of electronic structure methods.



1. Hartree–Fock Method

The HF method is a foundational approach in quantum chemistry, aimed at solving the electronic struc-
ture problem in molecules by determining an optimal wavefunction. This method simplifies the complex
interactions of electrons through a mean-field approximation, where each electron moves in an average field
created by all others. This allows for the use of a single set of orbitals, leading to the construction of the
Fock operator and iterative solutions to one-electron equations.

However, HF has notable limitations. Its reliance on a single-determinant wavefunction means it struggles
to account for electron correlation. This leads to inaccuracies in energy predictions, particularly for sys-
tems with strong electron interactions, such as transition metal complexes or molecules with delocalized
electrons.

1.1. Theoretical Background

Our primary objective is to solve the Schrödinger equation in the form

Ĥ |Ψ⟩ = E |Ψ⟩ (1.1)

where Ĥ denotes the molecular Hamiltonian operator, |Ψ⟩ represents the molecular wavefunction, and E
is the total energy of the system. The HF approximates the total wavefunction |Ψ⟩ as a single Slater
determinant, expressed as

|Ψ⟩ = |χ1χ2 · · · χN ⟩ (1.2)

where χi denotes a spin orbital, and N is the total number of electrons. The goal of the HF method is to
optimize these orbitals in order to minimize the system’s total energy, thereby providing a reliable estimate
of the electronic structure.

In the Restricted Hartree–Fock (RHF) method, we impose a constraint on electron spin, which allows us to
work with spatial orbitals instead of spin orbitals. This reformulation expresses the Slater determinant in
terms of spatial orbitals as

|Ψ⟩ = |Φ1Φ2 · · · ΦN/2⟩ (1.3)

where Φi represents a spatial orbital. Notably, the RHF method requires an even number of electrons
to satisfy spin-pairing. In practice, atomic orbitals (whether spin or spatial) are typically expanded in
a set of basis functions {ϕi}, which are often Gaussian functions, allowing for convenient computation
with expansion coefficients. After performing some algebraic manipulations, the HF method leads to the
Roothaan equations, which are expressed as

FC = SCε (1.4)

where F is the Fock matrix, C is the matrix of orbital coefficients, S is the overlap matrix, and ε represents
the orbital energies. These matrices will be defined in detail later.



1. Hartree–Fock Method 6

1.2. Implementation of the Restricted Hartree–Fock Method

To begin, we define the core Hamiltonian, also known as the one-electron Hamiltonian. This component of
the full Hamiltonian excludes electron-electron repulsion and is expressed in index notation as

Hcore
µν = Tµν + Vµν (1.5)

where µ and ν are indices of the basis functions. Here, Tµν represents a kinetic energy matrix element, while
Vµν denotes a potential energy matrix element. These matrix elements are defined as

Tµν = ⟨ϕµ|T̂ |ϕν⟩ (1.6)
Vµν = ⟨ϕµ|V̂ |ϕν⟩ (1.7)

Additionally, the overlap integrals, which describe the extent of overlap between basis functions, are given
by

Sµν = ⟨ϕµ|ϕν⟩ (1.8)

and another essential component are the two-electron repulsion integrals, defined as

Jµνκλ = ⟨ϕµϕµ|Ĵ |ϕκϕλ⟩ (1.9)

which play crucial roles in the HF calculation. All of these integrals over (Gausssian) basis functions are
usually calculated using analytical expressions.[1] The solution to the Roothaan equations (1.4) requires an
iterative procedure, since the Fock matrix defined as

Fµν = Hcore
µν + Dκλ

(
Jµνκλ − 1

2Jµλκν

)
(1.10)

depends on the unknown density matrix D, defined as

Dµν = 2CµiCνi (1.11)

This iterative procedure is executed through the Self-Consistent Field (SCF) method. An initial guess is
made for the density matrix D (usually zero), the Roothaan equations (1.4) are solved and the density
matix is updated using the equation (1.11). The total energy of the system is then calculated using the core
Hamiltonian and the Fock matrix as

E = 1
2Dµν(Hcore

µν + Fµν) + Enuc (1.12)

After convergence of both the density matrix and total energy, the process concludes, yielding the optimized
molecular orbitals. The total energy of the system also includes the nuclear repulsion energy, which is given
by

Enuc =
∑
A

∑
B<A

ZAZB

RAB
(1.13)

where ZA is the nuclear charge of atom A, and RAB is the distance between atoms A and B.
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1.2.1. Direct Inversion in the Iterative Subspace

In the HF method, convergence of the density matrix and energy can be significantly accelerated by em-
ploying the Direct Inversion in the Iterative Subspace (DIIS) technique. DIIS achieves this by storing Fock
matrices from previous iterations and constructing an optimized linear combination that minimizes the
current iteration’s error. This approach is especially valuable in HF calculations for large systems, where
convergence issues are more common and challenging to resolve.

We start by defining the error vector of i-th iteration ei as

ei = SiDiFi − FiDiSi (1.14)

Our goal is to transform the Fock matrix Fi as

Fi =
i−1∑

j=i−(L+1)
cjFj (1.15)

where cj are the coefficients that minimize the error matrix ei and L is the number of Fock matrices we
store called the subspace size. To calculate the coefficients cj , we solve the set linear equations


e1 · e1 . . . e1 · eL+1 1

... . . . ...
...

eL+1 · e1 . . . eL+1 · eL+1 1
1 . . . 1 0




c1
...

cL+1
λ

 =


0
...
0
1

 (1.16)

After solving the linear equations, we use the coefficients cj to construct the new Fock matrix Fi according
to the equation (1.15) and proceed as usual with the HF calculation.

1.2.2. Gradient of the Restricted Hartree–Fock Method

If we perform the calculation as described above and get the density matrix D we can evaluate the nuclear
energy gradient as[2]

∂E

∂XA,i
=

∑
µν∈{ϕA}

Dµν

∂Hcore
µν

∂XA,i
+ 2

∑
µν∈{ϕA}

DµνDκλ

∂
(
Jµνκλ − 1

2Jµλκν

)
∂XA,i

− 2Wµν
∂Sµν

∂XA,i
(1.17)

where A is the index of an atom, i is the index of the coordinate, {ϕA} is the set of all basis functions
located at atom A and W is energy weighed density matrix defined as

Wµν = 2CµiCνiεi (1.18)

Keep in mind that the indices κ and λ in the gradient equation (1.17) are summed over all basis functions.
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1.3. Integral Transforms to the Basis of Molecular Spinorbitals

To carry out most post-Hartree–Fock (post-HF) calculations, it is essential to transform the integrals into
the Molecular Spinorbital (MS) basis. We will outline this transformation process here and refer to it in
subsequent sections on post-HF methods. The post-HF methods in this document will be presented using
the integrals in the MS basis (and in its antisymmetrized form for the two-electron integrals) as this approach
is more general.

All the integrals defined in the equations (1.5), (1.8), and (1.9), as well as Fock matrix in the equation
(1.10) are defined in the basis of atomic orbitals. To transform these integrals to the MS basis, we utilize
the coefficient matrix C obtained from the solution of the Roothaan equations (1.4). This coefficient matrix
C is initially calculated in the spatial molecular orbital basis (in the RHF calculation).

The first step involves expanding the coefficient matrix C to the MS basis. This transformation can be
mathematically expressed using the tiling matrix Pn×2n, defined as

P =
(
e1 e1 e2 e2 . . . en en

)
(1.19)

where ei represents the i-th column of the identity matrix In. Additionally, we define the matrices Mn×2n

and Nn×2n with elements given by

Mij = 1 − j mod 2, Nij = j mod 2 (1.20)

The coefficient matrix C in the MS basis can be then expressed as

CMS =
(

CP
CP

)
⊙
(

M
N

)
(1.21)

where ⊙ denotes the Hadamard product. This transformed matrix CMS is subsequently used to transform
the two-electron integrals J to the MS basis as

JMS
pqrs = CMS

µp CMS
νq (I2 ⊗K (I2 ⊗K J)(4,3,2,1))µνκλCMS

κr CMS
λs (1.22)

where the superscript (4, 3, 2, 1) denotes the axes transposition and ⊗K is the Kronecker product. This
notation accommodates the spin modifications and ensures adherence to quantum mechanical principles.
We also define the antisymmetrized two-electron integrals in physicists’ notation as

⟨pq||rs⟩ = (JMS
pqrs − JMS

psrq)(1,3,2,4) (1.23)

For the transformation of the one-electron integrals such as the core Hamiltonian, the overlap matrix and
also the Fock matrix, we use the formula

AMS
pq = CMS

µp (I2 ⊗K A)µνCMS
νq (1.24)

where A is an arbitrary matrix of one-electron integrals. Since many post-HF methods rely on differences
of orbital energies in the denominator, we define the tensors

εa
i = εi − εa (1.25)

εab
ij = εi + εj − εa − εb (1.26)

εabc
ijk = εi + εj + εk − εa − εb − εc (1.27)
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for convenience. These tensors enhance code readability and efficiency, making it easier to understand and
work with the underlying mathematical framework. Here and also throughout the rest of the document, the
indices i, j and k run over occupied orbitals, whereas the indices a, b and c run over virtual orbitals.

1.4. Hartree–Fock Method and Integral Transform Coding Exercise

This section provides Python code snippets for implementing the HF method and transforming integrals to
the MS basis. The code uses the NumPy library for efficient numerical computations, and the exercises are
designed to build familiarity with the HF method and the MS integral transformations.

Each exercise includes placeholders for you to fill. It is assumed that the variables atoms, coords, S, H, and J

are defined before the exercises. These variables represent the atomic numbers, atomic coordinates, overlap
matrix, core Hamiltonian, and two-electron integrals, respectively. These variables can typically be obtained
from the output of a quantum chemistry software package. If you would like to focus solely on coding you
can save the , , , and in the STO-3G
basis to the same directory as the exercise code and load the variables using the Listing 1.1 below. The ATOM

variable is a dictionary that maps the atomic symbols to atomic numbers.
# get the atomic numbers and coordinates of all atoms
atoms = np.array ([ ATOM[line.split () [0]] for line in open(" molecule .xyz"). readlines () [2:]] ,

dtype=int)
coords = np.array ([ line.split () [1:] for line in open(" molecule .xyz"). readlines () [2:]] ,

dtype=float)

# convert to bohrs
coords *= 1.8897261254578281

# load the integrals from the files
H, S = np. loadtxt ("H_AO.mat", skiprows =1) , np. loadtxt ("S_AO.mat", skiprows =1); J = np.

loadtxt ("J_AO.mat", skiprows =1). reshape (4 * [S.shape [1]])

Listing 1.1: Example loading of molecule and integrals over atomic basis functions into variables used
throughout exercises. The snippet expects the molecule and integral files to b present in the same directory
as the script.

With all the variables defined, you can proceed to the HF and integral transform exercises in the Listings
1.2 and 1.3 below.
"""
Here are defined some of the necessary variables . The variable "E_HF" stores the Hartree -

Fock energy , while " E_HF_P " keeps track of the previous iteration ’s energy to monitor
convergence . The " thresh " defines the convergence criteria for the calculation . The
variables "nocc" and "nbf" represent the number of occupied orbitals and the number of

basis functions , respectively . Initially , "E_HF" is set to zero and " E_HF_P " to one
to trigger the start of the Self - Consistent Field (SCF) loop. Although you can rename
these variables , it is important to note that certain sections of the code are
tailored to these specific names.

"""
E_HF , E_HF_P , nocc , nbf , thresh = 0, 1, sum(atoms) // 2, S.shape [0], 1e-8

"""
These lines set up key components for our HF calculations . We initialize the density

matrix as a zero matrix , and the coefficients start as an empty array. Although the
coefficient matrix is computed within the while loop , it’s defined outside to allow
for its use in subsequent calculations , such as the MP energy computation . Similarly ,
the exchange tensor is accurately calculated here by transposing the Coulomb tensor .
The "eps" vector , which contains the orbital energies , is also defined at this stage
to facilitate access throughout the script . This setup ensures that all necessary
variables are ready for iterative processing and further calculations beyond the SCF
loop.

"""


3
water/RHF/STO-3G/-74.965901192180
 O -0.04258229 -0.01476312 -0.01697740
 H  0.65343210 -0.51640346  0.47582054
 H  0.38535019  0.87626658 -0.06024314



7 7
    1.0000000000000007     0.2367039205727262     0.0000000000000000     0.0000000000000000    -0.0000000000000000     0.0499979530712930     0.0499977612946618
    0.2367039205727262     0.9999999999999998    -0.0000000000000000    -0.0000000000000000    -0.0000000000000000     0.4539104107387046     0.4539093782896402
    0.0000000000000000    -0.0000000000000000     0.9999999999999998     0.0000000000000000     0.0000000000000000     0.2687518869141010     0.1652369566212325
    0.0000000000000000    -0.0000000000000000     0.0000000000000000     0.9999999999999998     0.0000000000000000    -0.1936982767371106     0.3440520240182046
   -0.0000000000000000    -0.0000000000000000     0.0000000000000000     0.0000000000000000     1.0000000000000000     0.1902839627243655    -0.0167061383224885
    0.0499979530712930     0.4539104107387046     0.2687518869141010    -0.1936982767371106     0.1902839627243655     1.0000000000000000     0.2508979537881345
    0.0499977612946618     0.4539093782896402     0.1652369566212325     0.3440520240182046    -0.0167061383224885     0.2508979537881345     1.0000000000000000



7 7
  -32.6849383983115018    -7.6042882981283206    -0.0165049888737314    -0.0057180702819767    -0.0066013273733363    -1.6190863978474117    -1.6190801974713471
   -7.6042882981283206    -9.3019300463050971    -0.1963038975889783    -0.0680085632934925    -0.0785135928146506    -3.5423845715711804    -3.5423751217410113
   -0.0165049888737314    -0.1963038975889783    -7.5098086287469812    -0.0038084927680014    -0.0384391238713152    -1.8000966319409237    -1.1315011315757795
   -0.0057180702819767    -0.0680085632934925    -0.0038084927680014    -7.5545892023988461     0.0338520073262876     1.2288233765192262    -2.2444632755229121
   -0.0066013273733363    -0.0785135928146506    -0.0384391238713152     0.0338520073262876    -7.4597174637393806    -1.2547263673362294     0.0822066979075309
   -1.6190863978474117    -3.5423845715711804    -1.8000966319409237     1.2288233765192262    -1.2547263673362294    -4.9559425318596970    -1.5595175364522611
   -1.6190801974713471    -3.5423751217410113    -1.1315011315757795    -2.2444632755229121     0.0822066979075309    -1.5595175364522611    -4.9559366582184081



7 7 7 7
    4.7850657518157167     0.7413803208589640     0.0000000000000000     0.0000000000000000     0.0000000000000000     0.1589781957751611     0.1589775786127235     0.7413803208589640     1.1189468404728955    -0.0000000000000000    -0.0000000000000000     0.0000000000000000     0.3817003741996338     0.3816993001002738     0.0000000000000000    -0.0000000000000000     1.1158138186289568     0.0000000000000000     0.0000000000000000     0.1918418261072061     0.1179502014240335     0.0000000000000000    -0.0000000000000000     0.0000000000000000     1.1158138186289568     0.0000000000000000    -0.1382666799096492     0.2455927920913975     0.0000000000000000     0.0000000000000000     0.0000000000000000     0.0000000000000000     1.1158138186289568     0.1358294570769857    -0.0119252521981035     0.1589781957751611     0.3817003741996338     0.1918418261072061    -0.1382666799096492     0.1358294570769857     0.5170653976528593     0.1549090971796644     0.1589775786127235    0.3816993001002738    0.1179502014240335    0.2455927920913975   -0.0119252521981035    0.1549090971796644    0.5170646684993802
    0.7413803208589640     0.1368733673561338     0.0000000000000000     0.0000000000000000     0.0000000000000000     0.0290979969151906     0.0290978843765433     0.1368733673561338     0.2566333713546148    -0.0000000000000000    -0.0000000000000000     0.0000000000000000     0.0886186841165633     0.0886184365690185     0.0000000000000000    -0.0000000000000000     0.2566839693361471     0.0000000000000000     0.0000000000000000     0.0451213127060354     0.0277419584921381     0.0000000000000000    -0.0000000000000000     0.0000000000000000     0.2566839693361471     0.0000000000000000    -0.0325204061472090     0.0577635727782623     0.0000000000000000     0.0000000000000000     0.0000000000000000     0.0000000000000000     0.2566839693361471     0.0319471698733557    -0.0028048265072369     0.0290979969151906     0.0886186841165633     0.0451213127060354    -0.0325204061472090     0.0319471698733557     0.1219996037778910     0.0363070243412765     0.0290978843765433    0.0886184365690185    0.0277419584921381    0.0577635727782623   -0.0028048265072369    0.0363070243412765    0.1219994342077250
    0.0000000000000000     0.0000000000000000     0.0244774107811672     0.0000000000000000     0.0000000000000000     0.0009441400017802     0.0005804851149862     0.0000000000000000     0.0000000000000000     0.0378086058533166     0.0000000000000000     0.0000000000000000     0.0046740921760673     0.0028737728393143     0.0244774107811672     0.0378086058533166     0.0000000000000000    -0.0000000000000000     0.0000000000000000     0.0114220897563872     0.0101229948932509     0.0000000000000000     0.0000000000000000    -0.0000000000000000     0.0000000000000000     0.0000000000000000    -0.0015053117089585     0.0016439206487888     0.0000000000000000     0.0000000000000000     0.0000000000000000     0.0000000000000000     0.0000000000000000     0.0014787776222954    -0.0000798238749742     0.0009441400017802     0.0046740921760673     0.0114220897563872    -0.0015053117089585     0.0014787776222954     0.0084351070286822     0.0024161379266733     0.0005804851149862    0.0028737728393143    0.0101229948932509    0.0016439206487888   -0.0000798238749742    0.0024161379266733    0.0051861606131789
    0.0000000000000000     0.0000000000000000     0.0000000000000000     0.0244774107811672     0.0000000000000000    -0.0006804725854886     0.0012086707647445     0.0000000000000000     0.0000000000000000     0.0000000000000000     0.0378086058533166     0.0000000000000000    -0.0033687711376107     0.0059836938548866     0.0000000000000000     0.0000000000000000    -0.0000000000000000     0.0000000000000000     0.0000000000000000    -0.0015053117089585     0.0016439206487888     0.0244774107811672     0.0378086058533166     0.0000000000000000    -0.0000000000000000     0.0000000000000000     0.0104184319072687     0.0127564015939649     0.0000000000000000     0.0000000000000000     0.0000000000000000     0.0000000000000000    -0.0000000000000000    -0.0010658034085081    -0.0001662071628008    -0.0006804725854886    -0.0033687711376107    -0.0015053117089585     0.0104184319072687    -0.0010658034085081    -0.0060794575781752     0.0008370651347857     0.0012086707647445    0.0059836938548866    0.0016439206487888    0.0127564015939649   -0.0001662071628008    0.0008370651347857    0.0107984865633770
    0.0000000000000000     0.0000000000000000     0.0000000000000000     0.0000000000000000     0.0244774107811672     0.0006684779145857    -0.0000586894410512     0.0000000000000000     0.0000000000000000     0.0000000000000000     0.0000000000000000     0.0378086058533166     0.0033093899046198    -0.0002905502954224     0.0000000000000000     0.0000000000000000     0.0000000000000000     0.0000000000000000     0.0000000000000000     0.0014787776222954    -0.0000798238749742     0.0000000000000000     0.0000000000000000     0.0000000000000000     0.0000000000000000    -0.0000000000000000    -0.0010658034085081    -0.0001662071628008     0.0244774107811672     0.0378086058533166     0.0000000000000000    -0.0000000000000000     0.0000000000000000     0.0103805210366290     0.0093415439895745     0.0006684779145857     0.0033093899046198     0.0014787776222954    -0.0010658034085081     0.0103805210366290     0.0059722951524236     0.0009663555339284    -0.0000586894410512   -0.0002905502954224   -0.0000798238749742   -0.0001662071628008    0.0093415439895745    0.0009663555339284   -0.0005243422436363
    0.1589781957751611     0.0290979969151906     0.0009441400017802    -0.0006804725854886     0.0006684779145857     0.0062665360763040     0.0061745990476390     0.0290979969151906     0.0541910827418329     0.0017651424451208    -0.0012721959043387     0.0012497709433308     0.0191982461423551     0.0186267995084848     0.0009441400017802     0.0017651424451208     0.0542450286906862    -0.0001138068626155     0.0001118007922863     0.0102128788861415     0.0062649716819358    -0.0006804725854886    -0.0012721959043387    -0.0001138068626155     0.0541691486252700    -0.0000805784884056    -0.0073607559131398     0.0118186599797227     0.0006684779145857     0.0012497709433308     0.0001118007922863    -0.0000805784884056     0.0541662824300356     0.0072310080780946    -0.0002794689709439     0.0062665360763040     0.0191982461423551     0.0102128788861415    -0.0073607559131398     0.0072310080780946     0.0266751118377841     0.0077947051964561     0.0061745990476390    0.0186267995084848    0.0062649716819358    0.0118186599797227   -0.0002794689709439    0.0077947051964561    0.0255994924267121
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    0.0000000000000000     0.0000000000000000     0.0000000000000000     0.0000000000000000    -0.0000000000000000    -0.0000805784884056    -0.0000125658329820     0.0000000000000000     0.0000000000000000     0.0000000000000000     0.0000000000000000     0.0000000000000000    -0.0039067996451810    -0.0006092476388432     0.0000000000000000     0.0000000000000000     0.0000000000000000     0.0000000000000000     0.0000000000000000    -0.0020593297190984    -0.0001974490310552     0.0000000000000000     0.0000000000000000     0.0000000000000000     0.0000000000000000     0.0474444443627691     0.0067258243264693    -0.0008713131480755    -0.0000000000000000     0.0000000000000000     0.0000000000000000     0.0474444443627691     0.0000000000000000    -0.0067937132513899     0.0094972757304634    -0.0000805784884056    -0.0039067996451810    -0.0020593297190984     0.0067258243264693    -0.0067937132513899    -0.0149658003159770    -0.0000330101055779    -0.0000125658329820   -0.0006092476388432   -0.0001974490310552   -0.0008713131480755    0.0094972757304634   -0.0000330101055779   -0.0023338497902504
   -0.1382666799096492    -0.0325204061472090    -0.0015053117089585     0.0104184319072687    -0.0010658034085081    -0.0073607559131398    -0.0062712754452813    -0.0325204061472090    -0.1222077079052905    -0.0132018112419911     0.0636268193276561    -0.0093472570076059    -0.0697746800801584    -0.0329613667114352    -0.0015053117089585    -0.0132018112419911    -0.1195547893843243     0.0094993711131071    -0.0020593297190984    -0.0455574817625255    -0.0136402407311079     0.0104184319072687     0.0636268193276561     0.0094993711131071    -0.1288284050603608     0.0067258243264693     0.0538741011272728    -0.0045481710290262    -0.0010658034085081    -0.0093472570076059    -0.0020593297190984     0.0067258243264693    -0.1181043120530863    -0.0322559899431967    -0.0006695604095361    -0.0073607559131398    -0.0697746800801584    -0.0455574817625255     0.0538741011272728    -0.0322559899431967    -0.1572291228507566    -0.0235853231099498    -0.0062712754452813   -0.0329613667114352   -0.0136402407311079   -0.0045481710290262   -0.0006695604095361   -0.0235853231099498   -0.0396735953779343
    0.2455927920913975     0.0577635727782623     0.0016439206487888     0.0127564015939649    -0.0001662071628008     0.0118186599797227     0.0130743112558906     0.0577635727782623     0.2170684721387884     0.0144174384230220     0.0841312894322016    -0.0014576625318940     0.0762619823038440     0.1239353045715860     0.0016439206487888     0.0144174384230220     0.2091429942390208     0.0086179780193885    -0.0001974490310552     0.0454572472814958     0.0497523377189314     0.0127564015939649     0.0841312894322016     0.0086179780193885     0.2346115056225085    -0.0008713131480755    -0.0045481710290262     0.1246322218432352    -0.0001662071628008    -0.0014576625318940    -0.0001974490310552    -0.0008713131480755     0.2072100296491923     0.0288774079329155    -0.0050301666939127     0.0118186599797227     0.0762619823038440     0.0454572472814958    -0.0045481710290262     0.0288774079329155     0.1173538996265942     0.0506902366540671     0.0130743112558906    0.1239353045715860    0.0497523377189314    0.1246322218432352   -0.0050301666939127    0.0506902366540671    0.2792743308027172
    0.0000000000000000     0.0000000000000000     0.0000000000000000     0.0000000000000000     0.0244774107811672     0.0006684779145857    -0.0000586894410512     0.0000000000000000     0.0000000000000000     0.0000000000000000     0.0000000000000000     0.0378086058533166     0.0033093899046198    -0.0002905502954224     0.0000000000000000     0.0000000000000000     0.0000000000000000     0.0000000000000000     0.0000000000000000     0.0014787776222954    -0.0000798238749742     0.0000000000000000     0.0000000000000000     0.0000000000000000     0.0000000000000000    -0.0000000000000000    -0.0010658034085081    -0.0001662071628008     0.0244774107811672     0.0378086058533166     0.0000000000000000    -0.0000000000000000     0.0000000000000000     0.0103805210366290     0.0093415439895745     0.0006684779145857     0.0033093899046198     0.0014787776222954    -0.0010658034085081     0.0103805210366290     0.0059722951524236     0.0009663555339284    -0.0000586894410512   -0.0002905502954224   -0.0000798238749742   -0.0001662071628008    0.0093415439895745    0.0009663555339284   -0.0005243422436363
    0.0000000000000000     0.0000000000000000     0.0000000000000000     0.0000000000000000     0.0378086058533166     0.0012497709433308    -0.0001097244393655     0.0000000000000000     0.0000000000000000     0.0000000000000000     0.0000000000000000     0.1805183876315438     0.0251433340654902    -0.0022074782953084     0.0000000000000000     0.0000000000000000     0.0000000000000000     0.0000000000000000     0.0000000000000000     0.0129691032908598    -0.0007000677331816     0.0000000000000000     0.0000000000000000     0.0000000000000000     0.0000000000000000     0.0000000000000000    -0.0093472570076059    -0.0014576625318940     0.0378086058533166     0.1805183876315438     0.0000000000000000     0.0000000000000000     0.0000000000000000     0.0632943352612487     0.0541824599245477     0.0012497709433308     0.0251433340654902     0.0129691032908598    -0.0093472570076059     0.0632943352612487     0.0622789046177670     0.0087446097646533    -0.0001097244393655   -0.0022074782953084   -0.0007000677331816   -0.0014576625318940    0.0541824599245477    0.0087446097646533   -0.0054678286383969
    0.0000000000000000     0.0000000000000000     0.0000000000000000     0.0000000000000000     0.0000000000000000     0.0001118007922863    -0.0000060349594085     0.0000000000000000     0.0000000000000000     0.0000000000000000     0.0000000000000000     0.0000000000000000     0.0054205943084498    -0.0002926017539307     0.0000000000000000     0.0000000000000000     0.0000000000000000     0.0000000000000000     0.0474444443627691     0.0080988704698000    -0.0005550183185087     0.0000000000000000     0.0000000000000000     0.0000000000000000     0.0000000000000000     0.0000000000000000    -0.0020593297190984    -0.0001974490310552     0.0000000000000000     0.0000000000000000     0.0474444443627691     0.0000000000000000     0.0000000000000000     0.0094261202847066     0.0045612315241355     0.0001118007922863     0.0054205943084498     0.0080988704698000    -0.0020593297190984     0.0094261202847066     0.0207647024116652     0.0024607559787724    -0.0000060349594085   -0.0002926017539307   -0.0005550183185087   -0.0001974490310552    0.0045612315241355    0.0024607559787724   -0.0011208718729458
    0.0000000000000000     0.0000000000000000     0.0000000000000000     0.0000000000000000    -0.0000000000000000    -0.0000805784884056    -0.0000125658329820     0.0000000000000000     0.0000000000000000     0.0000000000000000     0.0000000000000000     0.0000000000000000    -0.0039067996451810    -0.0006092476388432     0.0000000000000000     0.0000000000000000     0.0000000000000000     0.0000000000000000     0.0000000000000000    -0.0020593297190984    -0.0001974490310552     0.0000000000000000     0.0000000000000000     0.0000000000000000     0.0000000000000000     0.0474444443627691     0.0067258243264693    -0.0008713131480755    -0.0000000000000000     0.0000000000000000     0.0000000000000000     0.0474444443627691     0.0000000000000000    -0.0067937132513899     0.0094972757304634    -0.0000805784884056    -0.0039067996451810    -0.0020593297190984     0.0067258243264693    -0.0067937132513899    -0.0149658003159770    -0.0000330101055779    -0.0000125658329820   -0.0006092476388432   -0.0001974490310552   -0.0008713131480755    0.0094972757304634   -0.0000330101055779   -0.0023338497902504
    1.1158138186289568     0.2566839693361471     0.0000000000000000    -0.0000000000000000     0.0000000000000000     0.0541662824300356     0.0540875266134117     0.2566839693361471     0.8170225910993408     0.0000000000000000     0.0000000000000000     0.0000000000000000     0.3104267463153613     0.3066175827561544     0.0000000000000000     0.0000000000000000     0.7852702009215762     0.0000000000000000     0.0000000000000000     0.1638670062100639     0.0995162135096646    -0.0000000000000000     0.0000000000000000     0.0000000000000000     0.7852702009215762     0.0000000000000000    -0.1181043120530863     0.2072100296491923     0.0000000000000000     0.0000000000000000     0.0000000000000000     0.0000000000000000     0.8801590896471142     0.1265056867646584    -0.0109818799225197     0.0541662824300356     0.3104267463153613     0.1638670062100639    -0.1181043120530863     0.1265056867646584     0.4865708901796127     0.1367174465233874     0.0540875266134117    0.3066175827561544    0.0995162135096646    0.2072100296491923   -0.0109818799225197    0.1367174465233874    0.4719816785997982
    0.1358294570769857     0.0319471698733557     0.0014787776222954    -0.0010658034085081     0.0103805210366290     0.0072310080780946     0.0066836710340204     0.0319471698733557     0.1200535561152216     0.0129691032908598    -0.0093472570076059     0.0632943352612487     0.0685447637796854     0.0460153727055861     0.0014787776222954     0.0129691032908598     0.1174474005135410    -0.0020593297190984     0.0094261202847066     0.0447544413277452     0.0194462800474996    -0.0010658034085081    -0.0093472570076059    -0.0020593297190984     0.1160743543702103    -0.0067937132513899    -0.0322559899431967     0.0288774079329155     0.0103805210366290     0.0632943352612487     0.0094261202847066    -0.0067937132513899     0.1265056867646584     0.0527267481986452     0.0181428243824622     0.0072310080780946     0.0685447637796854     0.0447544413277452    -0.0322559899431967     0.0527267481986452     0.1544576495759089     0.0299408115989355     0.0066836710340204    0.0460153727055861    0.0194462800474996    0.0288774079329155    0.0181428243824622    0.0299408115989355    0.0750607960024445
   -0.0119252521981035    -0.0028048265072369    -0.0000798238749742    -0.0001662071628008     0.0093415439895745    -0.0002794689709439    -0.0006348494909613    -0.0028048265072369    -0.0105401964465989    -0.0007000677331816    -0.0014576625318940     0.0541824599245477     0.0039733226079082    -0.0060179280942207    -0.0000798238749742    -0.0007000677331816    -0.0101553589196488    -0.0001974490310552     0.0045612315241355     0.0023862381765348    -0.0024158248688450    -0.0001662071628008    -0.0014576625318940    -0.0001974490310552    -0.0104716537492157     0.0094972757304634    -0.0006695604095361    -0.0050301666939127     0.0093415439895745     0.0541824599245477     0.0045612315241355     0.0094972757304634    -0.0109818799225197     0.0181428243824622     0.0212834690181702    -0.0002794689709439     0.0039733226079082     0.0023862381765348    -0.0006695604095361     0.0181428243824622     0.0146179790732214     0.0013507563967925    -0.0006348494909613   -0.0060179280942207   -0.0024158248688450   -0.0050301666939127    0.0212834690181702    0.0013507563967925   -0.0135607270837149
    0.1589781957751611     0.0290979969151906     0.0009441400017802    -0.0006804725854886     0.0006684779145857     0.0062665360763040     0.0061745990476390     0.0290979969151906     0.0541910827418329     0.0017651424451208    -0.0012721959043387     0.0012497709433308     0.0191982461423551     0.0186267995084848     0.0009441400017802     0.0017651424451208     0.0542450286906862    -0.0001138068626155     0.0001118007922863     0.0102128788861415     0.0062649716819358    -0.0006804725854886    -0.0012721959043387    -0.0001138068626155     0.0541691486252700    -0.0000805784884056    -0.0073607559131398     0.0118186599797227     0.0006684779145857     0.0012497709433308     0.0001118007922863    -0.0000805784884056     0.0541662824300356     0.0072310080780946    -0.0002794689709439     0.0062665360763040     0.0191982461423551     0.0102128788861415    -0.0073607559131398     0.0072310080780946     0.0266751118377841     0.0077947051964561     0.0061745990476390    0.0186267995084848    0.0062649716819358    0.0118186599797227   -0.0002794689709439    0.0077947051964561    0.0255994924267121
    0.3817003741996338     0.0886186841165633     0.0046740921760673    -0.0033687711376107     0.0033093899046198     0.0191982461423551     0.0186267800205473     0.0886186841165633     0.3118439910350611     0.0355117603011051    -0.0255944873660513     0.0251433340654902     0.1465842003937041     0.1203708481627231     0.0046740921760673     0.0355117603011051     0.3142447114975889    -0.0055178574242677     0.0054205943084498     0.0968107576703990     0.0519798166315017    -0.0033687711376107    -0.0255944873660513    -0.0055178574242677     0.3105657120709420    -0.0039067996451810    -0.0697746800801584     0.0762619823038440     0.0033093899046198     0.0251433340654902     0.0054205943084498    -0.0039067996451810     0.3104267463153613     0.0685447637796854     0.0039733226079082     0.0191982461423551     0.1465842003937041     0.0968107576703990    -0.0697746800801584     0.0685447637796854     0.2892648812558031     0.0652648960882752     0.0186267800205473    0.1203708481627231    0.0519798166315017    0.0762619823038440    0.0039733226079082    0.0652648960882752    0.1967575958090880
    0.1918418261072061     0.0451213127060354     0.0114220897563872    -0.0015053117089585     0.0014787776222954     0.0102128788861415     0.0097471911092337     0.0451213127060354     0.1695603732167930     0.0724290503850180    -0.0132018112419911     0.0129691032908598     0.0968107576703990     0.0730048042710149     0.0114220897563872     0.0724290503850180     0.1806856906428344    -0.0082441905826279     0.0080988704698000     0.0842492877978575     0.0477756875333611    -0.0015053117089585    -0.0132018112419911    -0.0082441905826279     0.1639402570384643    -0.0020593297190984    -0.0455574817625255     0.0454572472814958     0.0014787776222954     0.0129691032908598     0.0080988704698000    -0.0020593297190984     0.1638670062100639     0.0447544413277452     0.0023862381765348     0.0102128788861415     0.0968107576703990     0.0842492877978575    -0.0455574817625255     0.0447544413277452     0.2181517778877281     0.0462673577510696     0.0097471911092337    0.0730048042710149    0.0477756875333611    0.0454572472814958    0.0023862381765348    0.0462673577510696    0.1272235868696834
   -0.1382666799096492    -0.0325204061472090    -0.0015053117089585     0.0104184319072687    -0.0010658034085081    -0.0073607559131398    -0.0062712754452813    -0.0325204061472090    -0.1222077079052905    -0.0132018112419911     0.0636268193276561    -0.0093472570076059    -0.0697746800801584    -0.0329613667114352    -0.0015053117089585    -0.0132018112419911    -0.1195547893843243     0.0094993711131071    -0.0020593297190984    -0.0455574817625255    -0.0136402407311079     0.0104184319072687     0.0636268193276561     0.0094993711131071    -0.1288284050603608     0.0067258243264693     0.0538741011272728    -0.0045481710290262    -0.0010658034085081    -0.0093472570076059    -0.0020593297190984     0.0067258243264693    -0.1181043120530863    -0.0322559899431967    -0.0006695604095361    -0.0073607559131398    -0.0697746800801584    -0.0455574817625255     0.0538741011272728    -0.0322559899431967    -0.1572291228507566    -0.0235853231099498    -0.0062712754452813   -0.0329613667114352   -0.0136402407311079   -0.0045481710290262   -0.0006695604095361   -0.0235853231099498   -0.0396735953779343
    0.1358294570769857     0.0319471698733557     0.0014787776222954    -0.0010658034085081     0.0103805210366290     0.0072310080780946     0.0066836710340204     0.0319471698733557     0.1200535561152216     0.0129691032908598    -0.0093472570076059     0.0632943352612487     0.0685447637796854     0.0460153727055861     0.0014787776222954     0.0129691032908598     0.1174474005135410    -0.0020593297190984     0.0094261202847066     0.0447544413277452     0.0194462800474996    -0.0010658034085081    -0.0093472570076059    -0.0020593297190984     0.1160743543702103    -0.0067937132513899    -0.0322559899431967     0.0288774079329155     0.0103805210366290     0.0632943352612487     0.0094261202847066    -0.0067937132513899     0.1265056867646584     0.0527267481986452     0.0181428243824622     0.0072310080780946     0.0685447637796854     0.0447544413277452    -0.0322559899431967     0.0527267481986452     0.1544576495759089     0.0299408115989355     0.0066836710340204    0.0460153727055861    0.0194462800474996    0.0288774079329155    0.0181428243824622    0.0299408115989355    0.0750607960024445
    0.5170653976528593     0.1219996037778910     0.0084351070286822    -0.0060794575781752     0.0059722951524236     0.0266751118377841     0.0255994296131590     0.1219996037778910     0.4918265084411055     0.0879610288293885    -0.0633963909980715     0.0622789046177670     0.2892648812558031     0.1967572989908636     0.0084351070286822     0.0879610288293885     0.5011963917972988    -0.0211372887999219     0.0207647024116652     0.2181517778877281     0.0969963568235609    -0.0060794575781752    -0.0633963909980715    -0.0211372887999219     0.4871032271146138    -0.0149658003159770    -0.1572291228507566     0.1173538996265942     0.0059722951524236     0.0622789046177670     0.0207647024116652    -0.0149658003159770     0.4865708901796127     0.1544576495759089     0.0146179790732214     0.0266751118377841     0.2892648812558031     0.2181517778877281    -0.1572291228507566     0.1544576495759089     0.7746059442114875     0.1339105409009737     0.0255994296131590    0.1967572989908636    0.0969963568235609    0.1173538996265942    0.0146179790732214    0.1339105409009737    0.3424825855057970
    0.1549090971796644     0.0363070243412765     0.0024161379266733     0.0008370651347857     0.0009663555339284     0.0077947051964561     0.0077946754424951     0.0363070243412765     0.1388343964102938     0.0218637806098230     0.0075746568361703     0.0087446097646533     0.0652648960882752     0.0652647562716866     0.0024161379266733     0.0218637806098230     0.1413105038881261     0.0015779409372688     0.0024607559787724     0.0462673577510696     0.0319695698992487     0.0008370651347857     0.0075746568361703     0.0015779409372688     0.1383248621244226    -0.0000330101055779    -0.0235853231099498     0.0506902366540671     0.0009663555339284     0.0087446097646533     0.0024607559787724    -0.0000330101055779     0.1367174465233874     0.0299408115989355     0.0013507563967925     0.0077947051964561     0.0652648960882752     0.0462673577510696    -0.0235853231099498     0.0299408115989355     0.1339105409009737     0.0356023955949539     0.0077946754424951    0.0652647562716866    0.0319695698992487    0.0506902366540671    0.0013507563967925    0.0356023955949539    0.1339105409009737
    0.1589775786127235     0.0290978843765433     0.0005804851149862     0.0012086707647445    -0.0000586894410512     0.0061745990476390     0.0062664876159468     0.0290978843765433     0.0541908745606216     0.0010852617210354     0.0022597032730856    -0.0001097244393655     0.0186267800205473     0.0191981189790031     0.0005804851149862     0.0010852617210354     0.0541466069886119     0.0001242860533821    -0.0000060349594085     0.0097471911092337     0.0062791649257316     0.0012086707647445     0.0022597032730856     0.0001242860533821     0.0543457015896942    -0.0000125658329820    -0.0062712754452813     0.0130743112558906    -0.0000586894410512    -0.0001097244393655    -0.0000060349594085    -0.0000125658329820     0.0540875266134117     0.0066836710340204    -0.0006348494909613     0.0061745990476390     0.0186267800205473     0.0097471911092337    -0.0062712754452813     0.0066836710340204     0.0255994296131590     0.0077946754424951     0.0062664876159468    0.0191981189790031    0.0062791649257316    0.0130743112558906   -0.0006348494909613    0.0077946754424951    0.0266749718932802
    0.3816993001002738     0.0886184365690185     0.0028737728393143     0.0059836938548866    -0.0002905502954224     0.0186267995084848     0.0191981189790031     0.0886184365690185     0.3118431685312394     0.0218337109560013     0.0454615759079857    -0.0022074782953084     0.1203708481627231     0.1465834874518935     0.0028737728393143     0.0218337109560013     0.3094820629019785     0.0060259423050276    -0.0002926017539307     0.0730048042710149     0.0595220813008524     0.0059836938548866     0.0454615759079857     0.0060259423050276     0.3191350573186295    -0.0006092476388432    -0.0329613667114352     0.1239353045715860    -0.0002905502954224    -0.0022074782953084    -0.0002926017539307    -0.0006092476388432     0.3066175827561544     0.0460153727055861    -0.0060179280942207     0.0186267995084848     0.1203708481627231     0.0730048042710149    -0.0329613667114352     0.0460153727055861     0.1967572989908636     0.0652647562716866     0.0191981189790031    0.1465834874518935    0.0595220813008524    0.1239353045715860   -0.0060179280942207    0.0652647562716866    0.2892640423291029
    0.1179502014240335     0.0277419584921381     0.0101229948932509     0.0016439206487888    -0.0000798238749742     0.0062649716819358     0.0062791649257316     0.0277419584921381     0.1042509016390392     0.0610359052490957     0.0144174384230220    -0.0007000677331816     0.0519798166315017     0.0595220813008524     0.0101229948932509     0.0610359052490957     0.1095478412847632     0.0114302403202919    -0.0005550183185087     0.0477756875333611     0.0449336429478656     0.0016439206487888     0.0144174384230220     0.0114302403202919     0.1035729600049176    -0.0001974490310552    -0.0136402407311079     0.0497523377189314    -0.0000798238749742    -0.0007000677331816    -0.0005550183185087    -0.0001974490310552     0.0995162135096646     0.0194462800474996    -0.0024158248688450     0.0062649716819358     0.0519798166315017     0.0477756875333611    -0.0136402407311079     0.0194462800474996     0.0969963568235609     0.0319695698992487     0.0062791649257316    0.0595220813008524    0.0449336429478656    0.0497523377189314   -0.0024158248688450    0.0319695698992487    0.1341263450373733
    0.2455927920913975     0.0577635727782623     0.0016439206487888     0.0127564015939649    -0.0001662071628008     0.0118186599797227     0.0130743112558906     0.0577635727782623     0.2170684721387884     0.0144174384230220     0.0841312894322016    -0.0014576625318940     0.0762619823038440     0.1239353045715860     0.0016439206487888     0.0144174384230220     0.2091429942390208     0.0086179780193885    -0.0001974490310552     0.0454572472814958     0.0497523377189314     0.0127564015939649     0.0841312894322016     0.0086179780193885     0.2346115056225085    -0.0008713131480755    -0.0045481710290262     0.1246322218432352    -0.0001662071628008    -0.0014576625318940    -0.0001974490310552    -0.0008713131480755     0.2072100296491923     0.0288774079329155    -0.0050301666939127     0.0118186599797227     0.0762619823038440     0.0454572472814958    -0.0045481710290262     0.0288774079329155     0.1173538996265942     0.0506902366540671     0.0130743112558906    0.1239353045715860    0.0497523377189314    0.1246322218432352   -0.0050301666939127    0.0506902366540671    0.2792743308027172
   -0.0119252521981035    -0.0028048265072369    -0.0000798238749742    -0.0001662071628008     0.0093415439895745    -0.0002794689709439    -0.0006348494909613    -0.0028048265072369    -0.0105401964465989    -0.0007000677331816    -0.0014576625318940     0.0541824599245477     0.0039733226079082    -0.0060179280942207    -0.0000798238749742    -0.0007000677331816    -0.0101553589196488    -0.0001974490310552     0.0045612315241355     0.0023862381765348    -0.0024158248688450    -0.0001662071628008    -0.0014576625318940    -0.0001974490310552    -0.0104716537492157     0.0094972757304634    -0.0006695604095361    -0.0050301666939127     0.0093415439895745     0.0541824599245477     0.0045612315241355     0.0094972757304634    -0.0109818799225197     0.0181428243824622     0.0212834690181702    -0.0002794689709439     0.0039733226079082     0.0023862381765348    -0.0006695604095361     0.0181428243824622     0.0146179790732214     0.0013507563967925    -0.0006348494909613   -0.0060179280942207   -0.0024158248688450   -0.0050301666939127    0.0212834690181702    0.0013507563967925   -0.0135607270837149
    0.1549090971796644     0.0363070243412765     0.0024161379266733     0.0008370651347857     0.0009663555339284     0.0077947051964561     0.0077946754424951     0.0363070243412765     0.1388343964102938     0.0218637806098230     0.0075746568361703     0.0087446097646533     0.0652648960882752     0.0652647562716866     0.0024161379266733     0.0218637806098230     0.1413105038881261     0.0015779409372688     0.0024607559787724     0.0462673577510696     0.0319695698992487     0.0008370651347857     0.0075746568361703     0.0015779409372688     0.1383248621244226    -0.0000330101055779    -0.0235853231099498     0.0506902366540671     0.0009663555339284     0.0087446097646533     0.0024607559787724    -0.0000330101055779     0.1367174465233874     0.0299408115989355     0.0013507563967925     0.0077947051964561     0.0652648960882752     0.0462673577510696    -0.0235853231099498     0.0299408115989355     0.1339105409009737     0.0356023955949539     0.0077946754424951    0.0652647562716866    0.0319695698992487    0.0506902366540671    0.0013507563967925    0.0356023955949539    0.1339105409009737
    0.5170646684993802     0.1219994342077250     0.0051861606131789     0.0107984865633770    -0.0005243422436363     0.0255994924267121     0.0266749718932802     0.1219994342077250     0.4918259427779375     0.0540811614326769     0.1126063650205043    -0.0054678286383969     0.1967575958090880     0.2892640423291029     0.0051861606131789     0.0540811614326769     0.4829546655451414     0.0230836252584455    -0.0011208718729458     0.1272235868696834     0.1341263450373733     0.0107984865633770     0.1126063650205043     0.0230836252584455     0.5199324682615618    -0.0023338497902504    -0.0396735953779343     0.2792743308027172    -0.0005243422436363    -0.0054678286383969    -0.0011208718729458    -0.0023338497902504     0.4719816785997982     0.0750607960024445    -0.0135607270837149     0.0255994924267121     0.1967575958090880     0.1272235868696834    -0.0396735953779343     0.0750607960024445     0.3424825855057970     0.1339105409009737     0.0266749718932802    0.2892640423291029    0.1341263450373733    0.2792743308027172   -0.0135607270837149    0.1339105409009737    0.7746059442114875
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K, F, D, C, eps = J. transpose (0, 3, 2, 1), np. zeros_like (S), np. zeros_like (S), np.
zeros_like (S), np.array(nbf * [0])

"""
This while loop is the SCF loop. Please fill it so it calculates the Fock matrix , solves

the Fock equations , builds the density matrix from the coefficients and calculates the
energy . You can use all the variables defined above and all the functions in numpy

package . The recommended functions are np. einsum and np. linalg .eigh. Part of the
calculation will probably be calculation of the inverse square root of a matrix . The
numpy package does not conatin a function for this. You can find a library that can do

that or you can do it manually . The manual calculation is , of course , preferred .
"""
while abs(E_HF - E_HF_P ) > thresh :

break

"""
In the followng block of code , please calculate the nuclear - nuclear repulsion energy . You

should use only the atoms and coords variables . The code can be as short as two lines.
The result should be stored in the "VNN" variable .

"""
VNN = 0

# print the results
print("RHF ENERGY : {:.8f}". format (E_HF + VNN))

Listing 1.2: HF method exercise code. The important variables like number of occupied orbitals,
convergence threshold and matrix containers are already defined. The student is expected to fill the SCF
loop and calculate nuclear repulsion energy from the atomic numbers and coordinates. The total energy is
then automatically printed.

"""
To perform most of the post -HF calculations , we need to transform the Coulomb integrals to

the molecular spinorbital basis , so if you don ’t plan to calculate any post -HF
methods , you can end the eercise here. The restricted MP2 calculation could be done
using the Coulomb integral in MO basis , but for the sake of subsequent calculations ,
we enforce here the integrals in the MS basis. The first thing you will need for the
transform is the coefficient matrix in the molecular spinorbital basis. To perform
this transform using the mathematical formulation presented in the materials , the
first step is to form the tiling matrix "P" which will be used to duplicate columns of

a general matrix . Please define it here.
"""
P = np.zeros ((nbf , 2 * nbf))

"""
Now , please define the spin masks "M" and "N". These masks will be used to zero out

spinorbitals , that should be empty.
"""
M, N = np.zeros ((nbf , 2 * nbf)), np.zeros ((nbf , 2 * nbf))

"""
With the tiling matrix and spin masks defined , please transform the coefficient matrix

into the molecular spinorbital basis. The resulting matrix should be stored in the "
Cms" variable .

"""
Cms = np.zeros (2 * np.array(C.shape))

"""
For some of the post -HF calculations , we will also need the Hamiltonian and Fock matrix in

the molecular spinorbital basis. Please transform it and store it in the "Hms" and "
Fms" variable . If you don ’t plan to calculate the CCSD method , you can skip the
transformation of the Fock matrix , as it is not needed for the MP2 and CI calculations
.

"""
Hms , Fms = np.zeros (2 * np.array(H.shape)), np.zeros (2 * np.array(H.shape))



11 1.4. Hartree–Fock Method and Integral Transform Coding Exercise

"""
With the coefficient matrix in the molecular spinorbital basis available , we can proceed

to transform the Coulomb integrals . It is important to note that the transformed
integrals will contain twice as many elements along each axis compared to their
counterparts in the atomic orbital (AO) basis. This increase is due to the
representation of both spin states in the molecular spinorbital basis.

"""
Jms = np.zeros (2 * np.array(J.shape))

"""
The post -HF calculations also require the antisymmetrized two - electron integrals in the

molecular spinorbital basis. These integrals are essential for the MP2 and CC
calculations . Please define the "Jmsa" tensor as the antisymmetrized two - electron
integrals in the molecular spinorbital basis.

"""
Jmsa = np.zeros (2 * np.array(J.shape))

"""
As mentioned in the materials , it is also practical to define the tensors of reciprocal

orbital energy differences in the molecular spinorbital basis. These tensors are
essential for the MP2 and CC calculations . Please define the "Emss", "Emsd" and "Emst"

tensors as tensors of single , double and triple excitation energies , respectively .
The configuration interaction will not need these tensors , so you can skip this step
if you don ’t plan to program the CI method . The MP methods will require only the "Emsd
" tensor , while the CC method will need both tensors .

"""
Emss , Emsd = np.array ([]) , np.array ([])

Listing 1.3: Integral transform exercise code. The tiling matrices are predefined here with a correct
shape, but the student is expected to fill the with the correct expressions. After that, the student should
transform the coefficient matrix, core Hamoltonian, Fock matrix and two-electron integrals to the MS basis.
Additionally, orbital energy tensor are also expected to be calculated.

Solution to this exercises can be found in Section A.1 and in Section A.2.



2. Møller–Plesset Perturbation Theory

MPPT is a quantum mechanical method used to improve the accuracy of electronic structure calculations
within the framework of HF theory. It involves treating electron-electron correlation effects as a perturbation
to the reference HF wave function. The method is named after its developers, physicists C. Møller and M.
S. Plesset. By systematically including higher-order corrections, MPPT provides more accurate predictions
of molecular properties compared to the initial HF approximation.

2.1. Theory of the Perturbative Approach

As for the HF method, we start with the Schrödinger equation in the form

Ĥ |Ψ⟩ = E |Ψ⟩ (2.1)

where Ĥ is the molecular Hamiltonian operator, |Ψ⟩ is the molecular wave function, and E is the total
energy of the system. In the Møller–Plesset perturbation theory we write the Hamiltonian operator as

Ĥ = Ĥ(0) + λĤ′ (2.2)

where Ĥ(0) is the Hamiltonian used in the HF method (representing electrons moving in the mean field), λ is
a parameter between 0 and 1, and Ĥ′ is the perturbation operator representing the missing electron-electron
interactions not included in the HF approximation. We then expand the wavefunction |Ψ⟩ and total energy
E as a power series in λ as

|Ψ⟩ = |Ψ(0)⟩ + λ |Ψ(1)⟩ + λ2 |Ψ(2)⟩ + . . . (2.3)
E = E(0) + λE(1) + λ2E(2) + . . . (2.4)

and ask, how how does the total energy change with the included terms. After some algebra, we can show
that the first order correction to the total energy is zero, the second order correction is given by

EMP2
corr =

∑
s>0

H
′
0sH

′
s0

E0 − Es
(2.5)

where s runs over all doubly excited determinants, H
′
0s is the matrix element of the perturbation operator

between the HF determinant and the doubly excited determinant, and E0 and Es are the energies of the
reference and doubly excited determinants, respectively.[3, 4] We could express all higher-order corrections
in a similar way, using only the matrix elements of the perturbation operator and the energies of the
determinants. For practical calculations, we apply Slater-Condon rules to evaluate the matrix elements and
use the orbital energies obtained from the Hartree-Fock calculation. The expressions for calculation are
summarised below.
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2.2. Implementation of 2nd and 3rd Order Corrections

Having the antisymmetrized two-electron integrals in the MS basis and physicists’ notation defined in Section
1.3, we can now proceed with the calculation of the correlation energy. The 2nd order correlation energy
can be expressed as

EMP2
corr = 1

4
∑
ijab

⟨ab||ij⟩ ⟨ij||ab⟩
εab

ij

(2.6)

and the 3rd order correlation energy as

EMP3
corr =1

8
∑
ijab

⟨ab||ij⟩ ⟨cd||ab⟩ ⟨ij||cd⟩
εab

ij εcd
ij

+

+ 1
8
∑
ijab

⟨ab||ij⟩ ⟨ij||kl⟩ ⟨kl||ab⟩
εab

ij εab
kl

+

+
∑
ijab

⟨ab||ij⟩ ⟨cj||kb⟩ ⟨ik||ac⟩
εab

ij εac
ik

(2.7)

To calculate the 4th order correction, we would need to write 39 terms, which is not practical. Higher-order
corrections are usually not programmed this way, instead, the diagrammatic approach is used.[4–6]

2.3. 2nd and 3rd Order Corrections Code Exercise

Similar to the HF method, Møller–Plesset perturbation theory can also be implemented in Python. The
code exercise below provides a self-contained guide to calculating the Møller–Plesset Perturbation Theory
of 2nd Order (MP2) and Møller–Plesset Perturbation Theory of 3rd Order (MP3) correlation energies. This
exercise is designed to be appended to your existing HF implementation, as the MP2 and MP3 methods build
on the results of the HF procedure. You can access the foundational HF method and integral transformation
coding exercise in Section 1.4. The exercise is provided in the Listing 2.1 below
"""
Since we have everything we need for the MP calculations , we can now calculate the MP2

correlation energy . The result should be stored in the "E_MP2" variable .
"""
E_MP2 = 0

"""
Let ’s not stop here. We can calculate MP3 correlation energy as well. Please calculate it

and store it in the "E_MP3" variable .
"""
E_MP3 = 0

# print the results
print("MP2 ENERGY : {:.8f}". format (E_HF + E_MP2 + + VNN))
print("MP3 ENERGY : {:.8f}". format (E_HF + E_MP2 + E_MP3 + VNN))

Listing 2.1: MP2 and MP3 exercise code. The placeholders for the energies are initialized to zero. If you
transformed all the necessary integrals in the previous exercise, you should be able to fill the placeholders
with correct expressions.

Solution to this exercise can be found in Section A.3.



3. Configuration Interaction

CI is a post-HF, utilizing a linear variational approach to address the nonrelativistic Schrödinger equation
under the Born–Oppenheimer approximation for multi-electron quantum systems. CI mathematically rep-
resents the wave function as a linear combination of Slater determinants. The term “configuration” refers
to different ways electrons can occupy orbitals, while “interaction” denotes the mixing of these electronic
configurations or states. CI computations, however, are resource-intensive, requiring significant CPU time
and memory, limiting their application to smaller molecular systems. While FCI considers all possible
electronic configurations, making it computationally prohibitive for larger systems, truncated versions like
Configuration Interaction Singles and Doubles (CISD) or Configuration Interaction Singles, Doubles and
Triples (CISDT) are more feasible and commonly employed in quantum chemistry studies.

3.1. Theoretical Background of General Configuration Interaction

In CI theory, we expand the wavefunction |Ψ⟩ in terms of the HF reference determinant and its excited
configurations as

|Ψ⟩ = c0 |Ψ0⟩ +
( 1

1!

)2
ca

i |Ψa
i ⟩ +

( 1
2!

)2
cab

ij |Ψab
ij ⟩ +

( 1
3!

)2
cabc

ijk |Ψabc
ijk⟩ + . . . (3.1)

where we seek the coefficients c that minimize the energy. To determine these coefficients, we construct and
diagonalize the Hamiltonian matrix in the basis of these excited determinants. The CI Hamiltonian matrix
HCI is represented as

HCI =


⟨Ψ0|Ĥ|Ψ0⟩ ⟨Ψ0|Ĥ|Ψa

i ⟩ ⟨Ψ0|Ĥ|Ψab
ij ⟩ . . .

⟨Ψa
i |Ĥ|Ψ0⟩ ⟨Ψa

i |Ĥ|Ψa
i ⟩ ⟨Ψa

i |Ĥ|Ψab
ij ⟩ . . .

⟨Ψjb
ia|Ĥ|Ψ0⟩ ⟨Ψjb

ia|Ĥ|Ψ1⟩ ⟨Ψjb
ia|Ĥ|Ψjb

ia⟩ . . .
...

...
... . . .

 (3.2)

After the Hamiltonian matrix is constructed, we solve the eigenvalue problem

HCICCI = CCIεCI (3.3)

where CCI is a matrix of coefficients and εCI is a diagonal matrix of eigenvalues. The lowest eigenvalue
gives the ground-state energy, and the corresponding eigenvector provides the coefficients that minimize
the energy. The elements of the CI Hamiltonian matrix are computed using the Slater–Condon rules,
summarized in one function as

HCI
ij =



∑
k

Hcore,MS
kk + 1

2
∑

k

∑
l

⟨kl||kl⟩ Di = Dj

Hcore,MS
pr +

∑
k

⟨pk||lk⟩ Di = {· · · p· · ·} ∧ Dj = {· · · r· · ·}

⟨pq||rs⟩ Di = {· · · p· · · q· · ·} ∧ Dj = {· · · r· · · s· · ·}

0 otherwise

(3.4)
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where Di and Dj are Slater determinants, Hcore,MS is the core Hamiltonian in the MS basis, and ⟨pk||lk⟩ are
the antisymmetrized two-electron integrals in MS basis and physicists’ notation. The sums extend over all
spinorbitals common between the two determinants. These integrals were previously transformed in Section
1.3. Keep in mind, that to apply the Slater-Condon rules, the determinants must be aligned, and the sign
of the matrix elements must be adjusted accordingly, based on the number of permutations needed to align
the determinants.

An important caveat in CI theory is its lack of size-extensivity, which implies that the energy does not scale
linearly with the number of electrons. This drawback stems from the fact that the CI wavefunction is not
size-consistent, meaning the energy of a combined system is not simply the sum of the energies of its isolated
parts. This limitation restricts the application of CI mainly to small molecular systems.

3.2. Full Configuration Interaction Implementation

In FCI, we aim to account for all possible electronic configurations within a chosen basis set, offering the
most accurate wavefunction representation for the given basis. Although this method yields highly precise
electronic structure information, it is computationally intensive. Its cost scales exponentially with both the
number of electrons and basis functions, limiting its feasibility to smaller systems.

The FCI process involves constructing all possible Slater determinants for a system. For simplicity, we’ll
assume that we want to include both singlet and triplet states in our determinant space. The total number
of these determinants ND can be calculated using binomial coefficients

ND =
(

n

k

)
(3.5)

where k is the total number of electrons, and n is the total number of spinorbitals. For practical repre-
sentation, it’s useful to describe determinants as arrays of numbers, where each number corresponds to the
index of an occupied orbitals. For example, the ground state determinant for a system with 6 electrons can
be represented as {0, 1, 2, 3, 4, 5}, whereas the determinant {0, 1, 2, 3, 4, 6} represents an excited state with
one electron excited from orbital 5 to orbital 6. Using the determinants, the CI Hamiltonian matrix (3.2)
can be constructed, and the eigenvalue problem (3.3) can be solved to obtain the ground and excited state
energies.

3.3. Full Configuration Interaction Code Exercise

The FCI example builds on the HF method and demonstrates how to implement a FCI calculation in Python
using NumPy. This exercise focuses on generating determinants, constructing the CI Hamiltonian matrix
using Slater–Condon rules, and solving the eigenvalue problem to obtain the ground state energy. The code
is designed for educational purposes and is based on prior HF results that can be done in Section 1.4. The
exercise is provided in the Listing 3.1 below.
"""
Since we already calculated the necessary integrals in the MS basis , we can proceed . The

next step involves generating determinants . We will store these in a simple list , with
each determinant represented by an array of numbers , where each number corresponds to
an occupied spinorbital . Since we are programming for Full Configuration Interaction

(FCI), we aim to generate all possible determinants . However , should we decide to
implement methods like CIS , CID , or CISD , we could easily limit the number of
excitations . It is important to remember that for all CI methods , the rest of the code

remains unchanged . The only difference lies in the determinants used. Don ’t
overcomplicate this. Generating all possible determinants can be efficiently achieved
using a simple list comprehension . I recommend employing the combinations function
from the itertools package to facilitate this task.
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"""
dets = list ()

"""
Now , for your convenince , I define here the CI Hamiltonian .
"""
Hci = np.zeros ([ len(dets), len(dets)])

"""
Before we begin constructing the Hamiltonian , I recommend defining the Slater - Condon rules

. Let ’s consider that the input for these functions will be an array of spinorbitals ,
segmented into unique and common ones. A practical approach might be to arrange this 1
D array with all unique spinorbitals at the front , followed by the common spinorbitals
. This arrangement allows you to easily determine the number of unique spinorbitals
based on the rule being applied , meaning you will always know how many entries at the
beginning of the array are unique spinorbitals . While you can develop your own method
for managing this array , I will proceed under the assumption that the Slater - Condon
rules we use will take a single array of spinorbitals and return an unsigned matrix
element . The sign of this element will be corrected later in the script . For
simplicity and flexibility , I’ll define these rules using lambda functions , but you ’re

welcome to expand them into full functions if you prefer .
"""
slater0 = lambda so: 0
slater1 = lambda so: 0
slater2 = lambda so: 0

"""
We can now proceed to filling the CI Hamiltonian . The loop is simple .
"""
for i in range(Hci.shape [0]):

for j in range(Hci.shape [1]):

"""
The challenging part of this process is aligning the determinants . In this step , I

transfer the contents of the j-th determinant into the " aligned " determinant .
It’s important not to alter the j-th determinant directly within its original
place , as doing so could disrupt the computation of other matrix elements .

Instead , we carry out the next steps on the determinant now contained in the "
aligned " variable . Additionally , the element sign is defined at this stage.
You probably want to leave this unchanged .

"""
aligned , sign = dets[j]. copy (), 1

"""
Now it’s your turn. Please adjust the " aligned " determinant to match the i-th

determinant as closely as possible . By "align", I mean you should execute a
series of spinorbital swaps to minimize the differences between the " aligned "
and the i-th determinant . It’s also important to monitor the number of swaps
you make , as each swap affects the sign of the determinant , hence the reason
for the "sign" variable defined earlier . This task is not straightforward , so
don ’t hesitate to reach out to the authors if you need guidance .

"""
aligned = aligned

"""
After aligning , we end up with two matched determinants : " aligned " and "dets[i]".

At this point , we can apply the Slater - Condon rules. I suggested earlier that
the input for these rules should be an array combining both unique and common
spinorbitals . You can prepare this array now. However , if you ’ve designed your

Slater - Condon rules to directly accept the determinants instead , you can skip
this preparatory step.

"""
so = list ()

"""
Now , you ’ll need to assign the matrix element . Start by determining the number of
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differences between the two determinants . Based on this number , apply the
corresponding Slater - Condon rule. Don ’t forget to multiply the result by the
sign to account for any changes due to swaps made during the alignment of the
determinants .

"""
H[i, j] = 0

"""
You can finally solve the eigenvalue problem . Please , assign the correlation energy to the

"E_FCI" variable .
"""
E_FCI = 0

# print the results
print("FCI ENERGY : {:.8f}". format (E_HF + E_FCI + VNN))

Listing 3.1: CI exercise code. Here, student is expected to calculate the CI ground state energy. The task
here is to fill the CI Hamiltonian using the Slater–Condon rules and diagonalize it.

Solution to this exercise can be found in Section A.4.



4. Coupled Cluster Theory

CC theory is a post-HF method used in quantum chemistry to achieve highly accurate solutions to the
electronic Schrödinger equation, particularly for ground states and certain excited states. It improves
upon HF by incorporating electron correlation effects through a systematic inclusion of excitations (singles,
doubles, triples, etc.) from a reference wavefunction, usually the HF wavefunction. The method uses an
exponential ansatz to account for these excitations, leading to a size-consistent and size-extensive approach,
making it one of the most accurate methods available for small to medium-sized molecular systems.

Within CC theory, specific truncations are often applied to manage computational cost. The CCD method
considers only double excitations, capturing electron correlation more effectively than simpler methods
like HF, but at a lower computational expense than higher-level methods. CCSD extends this approach
by including both single and double excitations, offering greater accuracy, particularly for systems where
single excitations play a significant role. CCSD is widely used due to its balance between accuracy and
computational feasibility, making it a reliable choice for many chemical systems. ## CC Formalism

In the CC formalism, we write the total wavefunction in an exponential form as

|Ψ⟩ = eT̂ |Ψ0⟩ (4.1)

where |Ψ0⟩ is the reference wavefunction, usually the HF wavefunction, and T̂ is the cluster operator that
generates excitations from the reference wavefunction. The cluster operator is defined as

T̂ = T̂1 + T̂2 + T̂3 + . . . (4.2)

where T̂1 generates single excitations, T̂2 generates double excitations, and so on. For example

T̂1 |Ψ0⟩ =
( 1

1!

)2
ta
i |Ψa

i ⟩ (4.3)

where ta
i are the single excitation amplitudes. These amplitudes are just expansion coefficients that determine

the contribution of each excitation to the total wavefunction. In the context of configuration interaction, we
denoted these coefficients as ca

i . Now that we have the total wavefunction, we want to solve the Schrödinger
equation

Ĥ |Ψ⟩ = E |Ψ⟩ (4.4)

where Ĥ is the molecular Hamiltonian operator, E is the total energy of the system, and |Ψ⟩ is the total
wavefunction. In the CC theory, we usually rewrite the Schrödinger equation in the exponential form as

e−T̂ĤeT̂ |Ψ0⟩ = E |Ψ0⟩ (4.5)

because we can then express the CC energy as

E = ⟨Ψ0|e−T̂ĤeT̂|Ψ0⟩ (4.6)
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taking advantage of the exponential form of the wavefunction. We could then proceed to express the total
energy for various CC methods like CCD and CCSD, but the equations would be quite lengthy. Instead, we
will leave the theory here and proceed to the actual calculations. One thing to keep in mind is that the CC
equations are nonlinear and require iterative solution methods to obtain the final amplitudes.

4.1. Implementation of Truncated Coupled Cluster Methods

We will not go into the details here, but we will provide the final expressions for the CCD and CCSD
methods.[7] The CCD and CCSD methods are the most commonly used CC methods, and they are often
used as benchmarks for other methods. All we need for the evaluation of the expressions below are the
two-electron integrals in the MS basis and physicists’ notation, Fock matrix in the MS basis and the orbital
energy tensors obtained from the HF calculation. All these transformations are already explained in Section
1.3. The expressions for the CCD can be written as

ECCD = 1
4 ⟨ij||ab⟩ tab

ij (4.7)

where the double excitation amplitudes tab
ij are determined by solving the CCD amplitude equation. The

CCD amplitude equations are given by

tab
ij = ⟨ab||ij⟩ + 1

2 ⟨ab||cd⟩ tij
cd + 1

2 ⟨kl||ij⟩ tkl
ab + P̂(a/b)P̂(i/j) ⟨ak||ic⟩ tij

cb−

− 1
2 P̂(a/b) ⟨kl||cd⟩ tij

act
kl
bd − 1

2 P̂(i/j) ⟨kl||cd⟩ tik
abt

jl
cd+

+ 1
4 ⟨kl||cd⟩ tij

cdtkl
ab + P̂(i/j) ⟨kl||cd⟩ tik

act
jl
bd (4.8)

where P̂(a/b) and P̂(i/j) are permutation operators that ensure the correct antisymmetry of the amplitudes.
The CCSD energy expression is given by

ECCSD = F MS
ia ti

a + 1
4 ⟨ij||ab⟩ tab

ij + 1
2 ⟨ij||ab⟩ ta

i tj
b (4.9)

where the single and double excitation amplitudes ti
a and tab

ij are determined by solving the CCSD amplitude
equations. To simplify the notation a little bit, we define the the F and W intermediates as

Fae = (1 − δae) Fae − 1
2Fmeta

m + tf
m ⟨ma||fe⟩ − 1

2 τ̃af
mn ⟨mn||ef⟩ (4.10)

Fmi = (1 − δmi) Fmi + 1
2Fmete

i + te
n ⟨mn||ie⟩ + 1

2 τ̃ ef
in ⟨mn||ef⟩ (4.11)

Fme =Fme + tf
n ⟨mn||ef⟩ (4.12)

Wmnij = ⟨mn||ij⟩ + P̂(i/j)t
e
j ⟨mn||ie⟩ + 1

4τ ef
ij ⟨mn||ef⟩ (4.13)

Wabef = ⟨ab||ef⟩ − P̂(a/b)t
b
m ⟨am||ef⟩ + 1

4τab
mn ⟨mn||ef⟩ (4.14)

Wmbej = ⟨mb||ej⟩ + tf
j ⟨mb||ef⟩ − tb

n ⟨mn||ej⟩ −
(1

2 tfb
jn + tf

j tb
n

)
⟨mn||ef⟩ (4.15)

and two-particle excitation operators as
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τ̃ab
ij =tab

ij + 1
2
(
ta
i tb

j − tb
i t

a
j

)
(4.16)

τab
ij =tab

ij + ta
i tb

j − tb
i t

a
j (4.17)

The CCSD single excitations amplitude equations are then given by

ta
i =F MS

ai + te
i Fae − ta

mFmit
ae
imFme − tf

n ⟨na||if⟩ − −1
2 tef

im ⟨ma||ef⟩ −

− 1
2 tae

mn ⟨nm||ei⟩ (4.18)

and the CCSD double excitations amplitude equations are given by

tab
ij = ⟨ab||ij⟩ + P̂(a/b)t

ae
ij

(
Fbe − 1

2 tb
mFae

)
− P̂(i/j)t

ab
im

(
Fmi + 1

2 te
jFme

)
+

+ 1
2τab

mnWmnij + 1
2τ ef

ij Wabef + P̂(i/j)P̂(a/b) (tae
imWmbej − te

i ta
m ⟨mb||ej⟩) +

+ P̂(i/j)t
e
i ⟨ab||ej⟩ − P̂(a/b)t

a
m ⟨mb||ij⟩ (4.19)

The CCSD amplitude equations are, again, nonlinear and require iterative solution methods to obtain the
final amplitudes. The initial guess for the amplitudes is often set to zero, and the equations are solved
iteratively until convergence is achieved.

4.2. Coupled Cluster Singles and Doubles Code Exercise

After completing the HF implementation in Section 1.4, you can proceed with coding the CCSD exercise,
which builds on the HF results. The exercise is provided in the Listing 4.1 below.
"""
We also have everything we need for the CC calculations . In this exercise , we will

calculate the CCSD energy . Since the calculation will be iterative , I define here the
CCSD energy as zero , the " E_CCSD_P " variable will be used to monitor convergence .

"""
E_CCSD , E_CCSD_P = 0, 1

"""
The first step of the calculation is to define the "t1" and "t2" amplitudes . These arrays

can be initialized as zero arrays with the appropriate dimensions . I will leave this
task to you.

"""
t1 , t2 = np.array ([]) , np.array ([])

"""
Now for the more complicated part. The CCSD calculation is iterative , and the convergence

criterion is set by the " thresh " variable . The while loop should be filled with the
appropriate calculations . The calculation of the "t1" and "t2" amplitudes is the most
challenging part of the CCSD calculation . After convergence , the " E_CCSD " variable
should store the final CCSD energy .

"""
while abs( E_CCSD - E_CCSD_P ) > thresh :

break

# print the CCSD energy
print("CCSD ENERGY : {:.8f}". format (E_HF + E_CCSD + VNN))
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Listing 4.1: CCSD exercise code. The energy and amplitudes are initialized with default values. The
student is expected to fill the loop for the calculation of the excitation amplitudes and ground state energy.
After the self-consistency is achieved the result is automatically printed.

Solution to this exercise can be found in Section A.5.



Appendices



A. Code Solutions

This section provides the solutions to all of the coding exercises provided in the text. The solutions are
written in Python and use the NumPy library for numerical operations. The code snippets are self-contained
and can be run in any Python environment. The solutions are organized by the exercise they correspond
to and are presented in the same order as in the text. For convenience, the full code solution file
can be saved here.

A.1. Hartree–Fock Method

# energies , number of occupied and virtual orbitals and the number of basis functions
E_HF , E_HF_P , VNN , nbf , nocc = 0, 1, 0, S.shape [0], sum(atoms) // 2; nvirt = nbf - nocc

# exchange integrals and the guess density matrix
K, D = J. transpose (0, 3, 2, 1), np.zeros ((nbf , nbf))

# Fock matrix , coefficient matrix and orbital energies initialized to zero
F, C, eps = np.zeros ((nbf , nbf)), np.zeros ((nbf , nbf)), np.zeros (( nbf))

# the X matrix which is the inverse of the square root of the overlap matrix
SEP = np. linalg .eigh(S); X = SEP [1] @ np.diag (1 / np.sqrt(SEP [0])) @ SEP [1].T

# the scf loop
while abs(E_HF - E_HF_P ) > args. threshold :

# build the Fock matrix
F = H + np. einsum ("ijkl ,ij ->kl", J - 0.5 * K, D, optimize =True)

# solve the Fock equations
eps , C = np. linalg .eigh(X @ F @ X); C = X @ C

# build the density from coefficients
D = 2 * np. einsum ("ij ,kj ->ik", C[:, :nocc], C[:, :nocc ])

# save the previous energy and calculate the current electron energy
E_HF_P , E_HF = E_HF , 0.5 * np. einsum ("ij ,ij ->", D, H + F, optimize =True)

# calculate nuclear - nuclear repulsion
for i, j in ((i, j) for i, j in it. product (range( natoms ), range( natoms )) if i != j):

VNN += 0.5 * atoms[i] * atoms[j] / np. linalg .norm( coords [i, :] - coords [j, :])

# print the results
print(" RHF ENERGY : {:.8f}". format (E_HF + VNN))

Listing A.1: HF method exercise code solution.

A.2. Integral Transform

# define the occ and virt spinorbital slices shorthand
o, v = slice (0, 2 * nocc), slice (2 * nocc , 2 * nbf)

# define the tiling matrix for the Jmsa coefficients and energy placeholders


#!/usr/bin/env python

import argparse as ap, itertools as it, numpy as np

np.set_printoptions(edgeitems=30, linewidth=100000, formatter=dict(float=lambda x: "%20.14f" % x))

ATOM = {
    "H" :  1,                                                                                                                                                                 "He":  2,
    "Li":  3, "Be":  4,                                                                                                     "B" :  5, "C" :  6, "N" :  7, "O" :  8, "F" :  9, "Ne": 10,
    "Na": 11, "Mg": 12,                                                                                                     "Al": 13, "Si": 14, "P" : 15, "S" : 16, "Cl": 17, "Ar": 18,
    "K" : 19, "Ca": 20, "Sc": 21, "Ti": 22, "V" : 23, "Cr": 24, "Mn": 25, "Fe": 26, "Co": 27, "Ni": 28, "Cu": 29, "Zn": 30, "Ga": 31, "Ge": 32, "As": 33, "Se": 34, "Br": 35, "Kr": 36,
    "Rb": 37, "Sr": 38, "Y" : 39, "Zr": 40, "Nb": 41, "Mo": 42, "Tc": 43, "Ru": 44, "Rh": 45, "Pd": 46, "Ag": 47, "Cd": 48, "In": 49, "Sn": 50, "Sb": 51, "Te": 52, "I" : 53, "Xe": 54,
    "Cs": 55, "Ba": 56, "La": 57, "Hf": 72, "Ta": 73, "W" : 74, "Re": 75, "Os": 76, "Ir": 77, "Pt": 78, "Au": 79, "Hg": 80, "Tl": 81, "Pb": 82, "Bi": 83, "Po": 84, "At": 85, "Rn": 86,
    "Fr": 87, "Ra": 88, "Ac": 89, "Rf":104, "Db":105, "Sg":106, "Bh":107, "Hs":108, "Mt":109, "Ds":110, "Rg":111, "Cn":112, "Nh":113, "Fl":114, "Mc":115, "Lv":116, "Ts":117, "Og":118,

                                  "Ce": 58, "Pr": 59, "Nd": 60, "Pm": 61, "Sm": 62, "Eu": 63, "Gd": 64, "Tb": 65, "Dy": 66, "Ho": 67, "Er": 68, "Tm": 69, "Yb": 70, "Lu": 71,
                                  "Th": 90, "Pa": 91, "U" : 92, "Np": 93, "Pu": 94, "Am": 95, "Cm": 96, "Bk": 97, "Cf": 98, "Es": 99, "Fm":100, "Md":101, "No":102, "Lr":103,
}

if __name__ == "__main__":
    # SECTION FOR PARSING COMMAND LINE ARGUMENTS =======================================================================================================================================================

    # create the parser
    parser = ap.ArgumentParser(
        prog="resmet.py", description="Restricted Electronic Structure Methods Educational Toolkit",
        formatter_class=lambda prog: ap.HelpFormatter(prog, max_help_position=128),
        add_help=False, allow_abbrev=False
    )

    # add the arguments
    parser.add_argument("-m", "--molecule", help="Molecule file in the .xyz format. (default: %(default)s)", type=str, default="molecule.xyz")
    parser.add_argument("-t", "--threshold", help="Convergence threshold for SCF loop. (default: %(default)s)", type=float, default=1e-12)
    parser.add_argument("-h", "--help", help="Print this help message.", action=ap.BooleanOptionalAction)

    # add integral options
    parser.add_argument("--int", help="Filenames of the integral files. (default: %(default)s)", nargs=4, type=str, default=["T_AO.mat", "V_AO.mat", "S_AO.mat", "J_AO.mat"])

    # method switches
    parser.add_argument("--fci", help="Perform the full configuration interaction calculation.", action=ap.BooleanOptionalAction)
    parser.add_argument("--ccd", help="Perform the doubles coupled clusters calculation.", action=ap.BooleanOptionalAction)
    parser.add_argument("--ccsd", help="Perform the singles/doubles coupled clusters calculation.", action=ap.BooleanOptionalAction)
    parser.add_argument("--mp2", help="Perform the second order Moller-Plesset calculation.", action=ap.BooleanOptionalAction)
    parser.add_argument("--mp3", help="Perform the third order Moller-Plesset calculation.", action=ap.BooleanOptionalAction)

    # parse the arguments
    args = parser.parse_args()

    # print the help message if the flag is set
    if args.help: parser.print_help(); exit()

    # forward declaration of integrals and energies in MS basis (just to avoid NameError in linting)
    Hms, Fms, Jms, Jmsa, Emss, Emsd = np.zeros(2 * [0]), np.zeros(2 * [0]), np.zeros(4 * [0]), np.zeros(4 * [0]), np.array([[]]), np.array([[[[]]]])

    # OBTAIN THE MOLECULE AND ATOMIC INTEGRALS =========================================================================================================================================================

    # get the atomic numbers and coordinates of all atoms
    atoms = np.array([ATOM[line.split()[0]] for line in open(args.molecule).readlines()[2:]], dtype=int)
    coords = np.array([line.split()[1:] for line in open(args.molecule).readlines()[2:]], dtype=float)

    # convert coordinates to bohrs and forward declare orbital slices and atom count
    coords *= 1.8897261254578281; o, v = slice(0, 0), slice(0, 0); natoms = len(atoms)

    # load the integrals from the files
    H, S = np.loadtxt(args.int[0], skiprows=1) + np.loadtxt(args.int[1], skiprows=1), np.loadtxt(args.int[2], skiprows=1); J = np.loadtxt(args.int[3], skiprows=1).reshape(4 * [S.shape[1]])

    # HARTREE-FOCK METHOD ==============================================================================================================================================================================

    # energies, number of occupied and virtual orbitals and the number of basis functions
    E_HF, E_HF_P, VNN, nbf, nocc = 0, 1, 0, S.shape[0], sum(atoms) // 2; nvirt = nbf - nocc

    # exchange integrals and the guess density matrix
    K, D = J.transpose(0, 3, 2, 1), np.zeros((nbf, nbf))

    # Fock matrix, coefficient matrix and orbital energies initialized to zero
    F, C, eps = np.zeros((nbf, nbf)), np.zeros((nbf, nbf)), np.zeros((nbf))

    # the X matrix which is the inverse of the square root of the overlap matrix
    SEP = np.linalg.eigh(S); X = SEP[1] @ np.diag(1 / np.sqrt(SEP[0])) @ SEP[1].T

    # the scf loop
    while abs(E_HF - E_HF_P) > args.threshold:

        # build the Fock matrix
        F = H + np.einsum("ijkl,ij->kl", J - 0.5 * K, D, optimize=True)

        # solve the Fock equations
        eps, C = np.linalg.eigh(X @ F @ X); C = X @ C

        # build the density from coefficients
        D = 2 * np.einsum("ij,kj->ik", C[:, :nocc], C[:, :nocc])

        # save the previous energy and calculate the current electron energy
        E_HF_P, E_HF = E_HF, 0.5 * np.einsum("ij,ij->", D, H + F, optimize=True)

    # calculate nuclear-nuclear repulsion
    for i, j in ((i, j) for i, j in it.product(range(natoms), range(natoms)) if i != j):
        VNN += 0.5 * atoms[i] * atoms[j] / np.linalg.norm(coords[i, :] - coords[j, :])

    # print the results
    print("    RHF ENERGY: {:.8f}".format(E_HF + VNN))

    # INTEGRAL TRANSFORMS FOR POST-HARTREE-FOCK METHODS =================================================================================================================================================
    if args.mp2 or args.mp3 or args.ccd or args.ccsd or args.fci:

        # define the occ and virt spinorbital slices shorthand
        o, v = slice(0, 2 * nocc), slice(2 * nocc, 2 * nbf)

        # define the tiling matrix for the Jmsa coefficients and energy placeholders
        P = np.array([np.eye(nbf)[:, i // 2] for i in range(2 * nbf)]).T

        # define the spin masks
        M = np.repeat([1 - np.arange(2 * nbf, dtype=int) % 2], nbf, axis=0)
        N = np.repeat([    np.arange(2 * nbf, dtype=int) % 2], nbf, axis=0)

        # tile the coefficient matrix, apply the spin mask and tile the orbital energies
        Cms, epsms = np.block([[C @ P], [C @ P]]) * np.block([[M], [N]]), np.repeat(eps, 2)

        # transform the core Hamiltonian and Fock matrix to the molecular spinorbital basis
        Hms = np.einsum("ip,ij,jq->pq", Cms, np.kron(np.eye(2), H), Cms, optimize=True)
        Fms = np.einsum("ip,ij,jq->pq", Cms, np.kron(np.eye(2), F), Cms, optimize=True)

        # transform the coulomb integrals to the MS basis in chemists' notation
        Jms = np.einsum("ip,jq,ijkl,kr,ls->pqrs",
            Cms, Cms, np.kron(np.eye(2), np.kron(np.eye(2), J).T), Cms, Cms, optimize=True
        );

        # antisymmetrized two-electron integrals in physicists' notation
        Jmsa = (Jms - Jms.swapaxes(1, 3)).transpose(0, 2, 1, 3)

        # tensor epsilon_i^a
        Emss = epsms[o] - epsms[v, None]

        # tensor epsilon_ij^ab
        Emsd = epsms[o] + epsms[o, None] - epsms[v, None, None] - epsms[v, None, None, None]

    # MOLLER-PLESSET PERTURBATION THEORY ===============================================================================================================================================================
    if args.mp2 or args.mp3:

        # energy containers
        E_MP2, E_MP3 = 0, 0

        # calculate the MP2 correlation energy
        if args.mp2 or args.mp3:
            E_MP2 += 0.25 * np.einsum("abij,ijab,abij",
                Jmsa[v, v, o, o], Jmsa[o, o, v, v], Emsd**-1, optimize=True
            )
            print("    MP2 ENERGY: {:.8f}".format(E_HF + E_MP2 + VNN))

        # calculate the MP3 correlation energy
        if args.mp3:
            E_MP3 += 0.125 * np.einsum("abij,cdab,ijcd,abij,cdij",
                Jmsa[v, v, o, o], Jmsa[v, v, v, v], Jmsa[o, o, v, v], Emsd**-1, Emsd**-1,
                optimize=True
            )
            E_MP3 += 0.125 * np.einsum("abij,ijkl,klab,abij,abkl",
                Jmsa[v, v, o, o], Jmsa[o, o, o, o], Jmsa[o, o, v, v], Emsd**-1, Emsd**-1,
                optimize=True
            )
            E_MP3 += 1.000 * np.einsum("abij,cjkb,ikac,abij,acik",
                Jmsa[v, v, o, o], Jmsa[v, o, o, v], Jmsa[o, o, v, v], Emsd**-1, Emsd**-1,
                optimize=True
            )
            print("    MP3 ENERGY: {:.8f}".format(E_HF + E_MP2 + E_MP3 + VNN))

    # COUPLED CLUSTER METHOD ===========================================================================================================================================================================
    if args.ccd or args.ccsd:

        # energy containers for all the CC methods
        E_CCD, E_CCD_P, E_CCSD, E_CCSD_P = 0, 1, 0, 1

        # initialize the first guess for the t-amplitudes as zeros
        t1, t2 = np.zeros((2 * nvirt, 2 * nocc)), np.zeros(2 * [2 * nvirt] + 2 * [2 * nocc])

        # CCD loop
        if args.ccd:
            while abs(E_CCD - E_CCD_P) > args.threshold:

                # collect all the distinct LCCD terms
                lccd1 = 0.5 * np.einsum("abcd,cdij->abij", Jmsa[v, v, v, v], t2, optimize=True)
                lccd2 = 0.5 * np.einsum("klij,abkl->abij", Jmsa[o, o, o, o], t2, optimize=True)
                lccd3 = 1.0 * np.einsum("akic,bcjk->abij", Jmsa[v, o, o, v], t2, optimize=True)

                # apply the permuation operator and add it to the corresponding LCCD terms
                lccd3 += lccd3.transpose(1, 0, 3, 2) - lccd3.swapaxes(0, 1) - lccd3.swapaxes(2, 3)

                # collect all the remaining CCD terms
                ccd1 = -0.50 * np.einsum("klcd,acij,bdkl->abij",
                    Jmsa[o, o, v, v], t2, t2, optimize=True
                )
                ccd2 = -0.50 * np.einsum("klcd,abik,cdjl->abij",
                    Jmsa[o, o, v, v], t2, t2, optimize=True
                )
                ccd3 = +0.25 * np.einsum("klcd,cdij,abkl->abij",
                    Jmsa[o, o, v, v], t2, t2, optimize=True
                )
                ccd4 = +1.00 * np.einsum("klcd,acik,bdjl->abij",
                    Jmsa[o, o, v, v], t2, t2, optimize=True
                )

                # permutation operators
                ccd1 -= ccd1.swapaxes(0, 1);
                ccd2 -= ccd2.swapaxes(2, 3);
                ccd4 -= ccd4.swapaxes(2, 3)

                # update the t-amplitudes
                t2 = (Jmsa[v, v, o, o] + lccd1 + lccd2 + lccd3 + ccd1 + ccd2 + ccd3 + ccd4) / Emsd

                # evaluate the energy
                E_CCD_P, E_CCD = E_CCD, 0.25 * np.einsum("ijab,abij", Jmsa[o, o, v, v], t2)

            # print the CCD energy
            print("    CCD ENERGY: {:.8f}".format(E_HF + E_CCD + VNN))

        # CCSD loop
        if args.ccsd:
            while abs(E_CCSD - E_CCSD_P) > args.threshold:

                # define taus
                tau, ttau = t2.copy(), t2.copy()

                # add contributions to the tilde tau
                ttau += 0.5 * np.einsum("ai,bj->abij", t1, t1, optimize=True).swapaxes(0, 0)
                ttau -= 0.5 * np.einsum("ai,bj->abij", t1, t1, optimize=True).swapaxes(2, 3)

                # add the contributions to tau
                tau += np.einsum("ai,bj->abij", t1, t1, optimize=True).swapaxes(0, 0)
                tau -= np.einsum("ai,bj->abij", t1, t1, optimize=True).swapaxes(2, 3)

                # define the deltas for Fae and Fmi
                dae, dmi = np.eye(2 * nvirt), np.eye(2 * nocc)

                # define Fae, Fmi and Fme
                Fae, Fmi, Fme = (1 - dae) * Fms[v, v], (1 - dmi) * Fms[o, o], Fms[o, v].copy()

                # add the contributions to Fae
                Fae -= 0.5 * np.einsum("me,am->ae",     Fms[o, v],        t1,   optimize=True)
                Fae += 1.0 * np.einsum("mafe,fm->ae",   Jmsa[o, v, v, v], t1,   optimize=True)
                Fae -= 0.5 * np.einsum("mnef,afmn->ae", Jmsa[o, o, v, v], ttau, optimize=True)

                # add the contributions to Fmi
                Fmi += 0.5 * np.einsum("me,ei->mi",     Fms[o, v],        t1,   optimize=True)
                Fmi += 1.0 * np.einsum("mnie,en->mi",   Jmsa[o, o, o, v], t1,   optimize=True)
                Fmi += 0.5 * np.einsum("mnef,efin->mi", Jmsa[o, o, v, v], ttau, optimize=True)

                # add the contributions to Fme
                Fme += np.einsum("mnef,fn->me", Jmsa[o, o, v, v], t1, optimize=True)

                # define Wmnij, Wabef and Wmbej
                Wmnij = Jmsa[o, o, o, o].copy()
                Wabef = Jmsa[v, v, v, v].copy()
                Wmbej = Jmsa[o, v, v, o].copy()

                # define some complementary variables used in the Wmbej intermediate
                t12  = 0.5 * t2 + np.einsum("fj,bn->fbjn", t1, t1,  optimize=True)

                # add contributions to Wmnij
                Wmnij += 0.25 * np.einsum("efij,mnef->mnij", tau, Jmsa[o, o, v, v], optimize=True)
                Wabef += 0.25 * np.einsum("abmn,mnef->abef", tau, Jmsa[o, o, v, v], optimize=True)
                Wmbej += 1.00 * np.einsum("fj,mbef->mbej",   t1,  Jmsa[o, v, v, v], optimize=True)
                Wmbej -= 1.00 * np.einsum("bn,mnej->mbej",   t1,  Jmsa[o, o, v, o], optimize=True)
                Wmbej -= 1.00 * np.einsum("fbjn,mnef->mbej", t12, Jmsa[o, o, v, v], optimize=True)

                # define the permutation arguments for Wmnij and Wabef and add them
                PWmnij = np.einsum("ej,mnie->mnij", t1, Jmsa[o, o, o, v], optimize=True)
                PWabef = np.einsum("bm,amef->abef", t1, Jmsa[v, o, v, v], optimize=True)

                # add the permutations to Wmnij and Wabef
                Wmnij += PWmnij - PWmnij.swapaxes(2, 3)
                Wabef += PWabef.swapaxes(0, 1) - PWabef

                # define the right hand side of the T1 and T2 amplitude equations
                rhs_T1, rhs_T2 = Fms[v, o].copy(), Jmsa[v, v, o, o].copy()

                # calculate the right hand side of the CCSD equation for T1
                rhs_T1 += 1.0 * np.einsum("ei,ae->ai",     t1, Fae,              optimize=True)
                rhs_T1 -= 1.0 * np.einsum("am,mi->ai",     t1, Fmi,              optimize=True)
                rhs_T1 += 1.0 * np.einsum("aeim,me->ai",   t2, Fme,              optimize=True)
                rhs_T1 -= 1.0 * np.einsum("fn,naif->ai",   t1, Jmsa[o, v, o, v], optimize=True)
                rhs_T1 -= 0.5 * np.einsum("efim,maef->ai", t2, Jmsa[o, v, v, v], optimize=True)
                rhs_T1 -= 0.5 * np.einsum("aemn,nmei->ai", t2, Jmsa[o, o, v, o], optimize=True)

                # contracted F matrices that used in the T2 equations
                Faet = np.einsum("bm,me->be", t1, Fme, optimize=True)
                Fmet = np.einsum("ej,me->mj", t1, Fme, optimize=True)

                # define the permutation arguments for all terms in the equation for T2
                P1  = np.einsum("aeij,be->abij",    t2,     Fae - 0.5 * Faet, optimize=True)
                P2  = np.einsum("abim,mj->abij",    t2,     Fmi + 0.5 * Fmet, optimize=True)
                P3  = np.einsum("aeim,mbej->abij",  t2,     Wmbej,            optimize=True)
                P3 -= np.einsum("ei,am,mbej->abij", t1, t1, Jmsa[o, v, v, o], optimize=True)
                P4  = np.einsum("ei,abej->abij",    t1,     Jmsa[v, v, v, o], optimize=True)
                P5  = np.einsum("am,mbij->abij",    t1,     Jmsa[o, v, o, o], optimize=True)

                # calculate the right hand side of the CCSD equation for T2
                rhs_T2 += 0.5 * np.einsum("abmn,mnij->abij", tau, Wmnij, optimize=True)
                rhs_T2 += 0.5 * np.einsum("efij,abef->abij", tau, Wabef, optimize=True)
                rhs_T2 += P1.transpose(0, 1, 2, 3) - P1.transpose(1, 0, 2, 3)
                rhs_T2 -= P2.transpose(0, 1, 2, 3) - P2.transpose(0, 1, 3, 2)
                rhs_T2 += P3.transpose(0, 1, 2, 3) - P3.transpose(0, 1, 3, 2)
                rhs_T2 -= P3.transpose(1, 0, 2, 3) - P3.transpose(1, 0, 3, 2)
                rhs_T2 += P4.transpose(0, 1, 2, 3) - P4.transpose(0, 1, 3, 2)
                rhs_T2 -= P5.transpose(0, 1, 2, 3) - P5.transpose(1, 0, 2, 3)

                # Update T1 and T2 amplitudes and save the previous iteration
                t1, t2 = rhs_T1 / Emss, rhs_T2 / Emsd; E_CCSD_P = E_CCSD

                # evaluate the energy
                E_CCSD  = 1.00 * np.einsum("ia,ai",      Fms[o, v],        t1    )
                E_CCSD += 0.25 * np.einsum("ijab,abij",  Jmsa[o, o, v, v], t2    )
                E_CCSD += 0.50 * np.einsum("ijab,ai,bj", Jmsa[o, o, v, v], t1, t1)

            # print the CCSD energy
            print("   CCSD ENERGY: {:.8f}".format(E_HF + E_CCSD + VNN))

    # CONFIGURATION INTERACTION =======================================================================================================================================================================
    if args.fci:

        # generate the determiants
        dets = [np.array(det) for det in it.combinations(range(2 * nbf), 2 * nocc)]

        # define the CI Hamiltonian
        Hci = np.zeros([len(dets), len(dets)])

        # define the Slater-Condon rules, "so" is an array of unique and common spinorbitals
        slater0 = lambda so: (
            sum(np.diag(Hms)[so]) + sum([0.5 * Jmsa[m, n, m, n] for m, n in it.product(so, so)])
        )
        slater1 = lambda so: (
            Hms[so[0], so[1]] + sum([Jmsa[so[0], m, so[1], m] for m in so[2:]])
        )
        slater2 = lambda so: (
            Jmsa[so[0], so[1], so[2], so[3]]
        )

        # filling of the CI Hamiltonian
        for i in range(0, Hci.shape[0]):
            for j in range(i, Hci.shape[1]):

                # aligned determinant and the sign
                aligned, sign = dets[j].copy(), 1

                # align the determinant "j" to "i" and calculate the sign
                for k in (k for k in range(len(aligned)) if aligned[k] != dets[i][k]):
                    while len(l := np.where(dets[i] == aligned[k])[0]) and l[0] != k:
                        aligned[[k, l[0]]] = aligned[[l[0], k]]; sign *= -1

                # find the unique and common spinorbitals
                so = np.block(list(map(lambda l: np.array(l), [
                    [aligned[k] for k in range(len(aligned)) if aligned[k] not in dets[i]],
                    [dets[i][k] for k in range(len(dets[j])) if dets[i][k] not in aligned],
                    [aligned[k] for k in range(len(aligned)) if aligned[k] in dets[i]]
                ]))).astype(int)

                # apply the Slater-Condon rules and multiply by the sign
                if ((aligned - dets[i]) != 0).sum() == 0: Hci[i, j] = slater0(so) * sign
                if ((aligned - dets[i]) != 0).sum() == 1: Hci[i, j] = slater1(so) * sign
                if ((aligned - dets[i]) != 0).sum() == 2: Hci[i, j] = slater2(so) * sign

                # fill the lower triangle
                Hci[j, i] = Hci[i, j]

        # solve the eigensystem and assign energy
        eci, Cci = np.linalg.eigh(Hci); E_FCI = eci[0] - E_HF

        # print the results
        print("    FCI ENERGY: {:.8f}".format(E_HF + E_FCI + VNN))




A. Code Solutions 24

P = np.array ([np.eye(nbf)[:, i // 2] for i in range (2 * nbf)]).T

# define the spin masks
M = np. repeat ([1 - np. arange (2 * nbf , dtype=int) % 2], nbf , axis =0)
N = np. repeat ([ np. arange (2 * nbf , dtype=int) % 2], nbf , axis =0)

# tile the coefficient matrix , apply the spin mask and tile the orbital energies
Cms , epsms = np.block ([[C @ P], [C @ P]]) * np.block ([[M], [N]]) , np. repeat (eps , 2)

# transform the core Hamiltonian and Fock matrix to the molecular spinorbital basis
Hms = np. einsum ("ip ,ij ,jq ->pq", Cms , np.kron(np.eye (2) , H), Cms , optimize =True)
Fms = np. einsum ("ip ,ij ,jq ->pq", Cms , np.kron(np.eye (2) , F), Cms , optimize =True)

# transform the coulomb integrals to the MS basis in chemists ’ notation
Jms = np. einsum ("ip ,jq ,ijkl ,kr ,ls ->pqrs",

Cms , Cms , np.kron(np.eye (2) , np.kron(np.eye (2) , J).T), Cms , Cms , optimize =True
);

# antisymmetrized two - electron integrals in physicists ’ notation
Jmsa = (Jms - Jms. swapaxes (1, 3)). transpose (0, 2, 1, 3)

# tensor epsilon_i ˆa
Emss = epsms[o] - epsms[v, None]

# tensor epsilon_ij ˆab
Emsd = epsms[o] + epsms[o, None] - epsms[v, None , None] - epsms[v, None , None , None]

Listing A.2: Integral transform exercise code solution.

A.3. 2nd and 3rd Order Perturbative Corrections

# energy containers
E_MP2 , E_MP3 = 0, 0

# calculate the MP2 correlation energy
if args.mp2 or args.mp3:

E_MP2 += 0.25 * np. einsum ("abij ,ijab ,abij",
Jmsa[v, v, o, o], Jmsa[o, o, v, v], Emsd **-1, optimize =True

)
print(" MP2 ENERGY : {:.8f}". format (E_HF + E_MP2 + VNN))

# calculate the MP3 correlation energy
if args.mp3:

E_MP3 += 0.125 * np. einsum ("abij ,cdab ,ijcd ,abij ,cdij",
Jmsa[v, v, o, o], Jmsa[v, v, v, v], Jmsa[o, o, v, v], Emsd **-1, Emsd **-1,
optimize =True

)
E_MP3 += 0.125 * np. einsum ("abij ,ijkl ,klab ,abij ,abkl",

Jmsa[v, v, o, o], Jmsa[o, o, o, o], Jmsa[o, o, v, v], Emsd **-1, Emsd **-1,
optimize =True

)
E_MP3 += 1.000 * np. einsum ("abij ,cjkb ,ikac ,abij ,acik",

Jmsa[v, v, o, o], Jmsa[v, o, o, v], Jmsa[o, o, v, v], Emsd **-1, Emsd **-1,
optimize =True

)
print(" MP3 ENERGY : {:.8f}". format (E_HF + E_MP2 + E_MP3 + VNN))

Listing A.3: MP2 and MP3 exercise code solution.

A.4. Full Configuration Interaction
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# generate the determiants
dets = [np.array(det) for det in it. combinations (range (2 * nbf), 2 * nocc)]

# define the CI Hamiltonian
Hci = np.zeros ([ len(dets), len(dets)])

# define the Slater - Condon rules , "so" is an array of unique and common spinorbitals
slater0 = lambda so: (

sum(np.diag(Hms)[so]) + sum ([0.5 * Jmsa[m, n, m, n] for m, n in it. product (so , so)])
)
slater1 = lambda so: (

Hms[so[0], so [1]] + sum ([ Jmsa[so[0], m, so[1], m] for m in so [2:]])
)
slater2 = lambda so: (

Jmsa[so[0], so[1], so[2], so [3]]
)

# filling of the CI Hamiltonian
for i in range (0, Hci.shape [0]):

for j in range(i, Hci.shape [1]):

# aligned determinant and the sign
aligned , sign = dets[j]. copy (), 1

# align the determinant "j" to "i" and calculate the sign
for k in (k for k in range(len( aligned )) if aligned [k] != dets[i][k]):

while len(l := np.where(dets[i] == aligned [k]) [0]) and l[0] != k:
aligned [[k, l[0]]] = aligned [[l[0], k]]; sign *= -1

# find the unique and common spinorbitals
so = np.block(list(map( lambda l: np.array(l), [

[ aligned [k] for k in range(len( aligned )) if aligned [k] not in dets[i]],
[dets[i][k] for k in range(len(dets[j])) if dets[i][k] not in aligned ],
[ aligned [k] for k in range(len( aligned )) if aligned [k] in dets[i]]

]))). astype (int)

# apply the Slater - Condon rules and multiply by the sign
if (( aligned - dets[i]) != 0).sum () == 0: Hci[i, j] = slater0 (so) * sign
if (( aligned - dets[i]) != 0).sum () == 1: Hci[i, j] = slater1 (so) * sign
if (( aligned - dets[i]) != 0).sum () == 2: Hci[i, j] = slater2 (so) * sign

# fill the lower triangle
Hci[j, i] = Hci[i, j]

# solve the eigensystem and assign energy
eci , Cci = np. linalg .eigh(Hci); E_FCI = eci [0] - E_HF

# print the results
print(" FCI ENERGY : {:.8f}". format (E_HF + E_FCI + VNN))

Listing A.4: CI exercise code solution.

A.5. Coupled Cluster Singles and Doubles

# energy containers for all the CC methods
E_CCD , E_CCD_P , E_CCSD , E_CCSD_P = 0, 1, 0, 1

# initialize the first guess for the t- amplitudes as zeros
t1 , t2 = np.zeros ((2 * nvirt , 2 * nocc)), np.zeros (2 * [2 * nvirt] + 2 * [2 * nocc ])

# CCD loop
if args.ccd:

while abs(E_CCD - E_CCD_P ) > args. threshold :
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# collect all the distinct LCCD terms
lccd1 = 0.5 * np. einsum ("abcd ,cdij ->abij", Jmsa[v, v, v, v], t2 , optimize =True)
lccd2 = 0.5 * np. einsum ("klij ,abkl ->abij", Jmsa[o, o, o, o], t2 , optimize =True)
lccd3 = 1.0 * np. einsum ("akic ,bcjk ->abij", Jmsa[v, o, o, v], t2 , optimize =True)

# apply the permuation operator and add it to the corresponding LCCD terms
lccd3 += lccd3. transpose (1, 0, 3, 2) - lccd3. swapaxes (0, 1) - lccd3. swapaxes (2, 3)

# collect all the remaining CCD terms
ccd1 = -0.50 * np. einsum ("klcd ,acij ,bdkl ->abij",

Jmsa[o, o, v, v], t2 , t2 , optimize =True
)
ccd2 = -0.50 * np. einsum ("klcd ,abik ,cdjl ->abij",

Jmsa[o, o, v, v], t2 , t2 , optimize =True
)
ccd3 = +0.25 * np. einsum ("klcd ,cdij ,abkl ->abij",

Jmsa[o, o, v, v], t2 , t2 , optimize =True
)
ccd4 = +1.00 * np. einsum ("klcd ,acik ,bdjl ->abij",

Jmsa[o, o, v, v], t2 , t2 , optimize =True
)

# permutation operators
ccd1 -= ccd1. swapaxes (0, 1);
ccd2 -= ccd2. swapaxes (2, 3);
ccd4 -= ccd4. swapaxes (2, 3)

# update the t- amplitudes
t2 = (Jmsa[v, v, o, o] + lccd1 + lccd2 + lccd3 + ccd1 + ccd2 + ccd3 + ccd4) / Emsd

# evaluate the energy
E_CCD_P , E_CCD = E_CCD , 0.25 * np. einsum ("ijab ,abij", Jmsa[o, o, v, v], t2)

# print the CCD energy
print(" CCD ENERGY : {:.8f}". format (E_HF + E_CCD + VNN))

# CCSD loop
if args.ccsd:

while abs( E_CCSD - E_CCSD_P ) > args. threshold :

# define taus
tau , ttau = t2.copy (), t2.copy ()

# add contributions to the tilde tau
ttau += 0.5 * np. einsum ("ai ,bj ->abij", t1 , t1 , optimize =True). swapaxes (0, 0)
ttau -= 0.5 * np. einsum ("ai ,bj ->abij", t1 , t1 , optimize =True). swapaxes (2, 3)

# add the contributions to tau
tau += np. einsum ("ai ,bj ->abij", t1 , t1 , optimize =True). swapaxes (0, 0)
tau -= np. einsum ("ai ,bj ->abij", t1 , t1 , optimize =True). swapaxes (2, 3)

# define the deltas for Fae and Fmi
dae , dmi = np.eye (2 * nvirt), np.eye (2 * nocc)

# define Fae , Fmi and Fme
Fae , Fmi , Fme = (1 - dae) * Fms[v, v], (1 - dmi) * Fms[o, o], Fms[o, v]. copy ()

# add the contributions to Fae
Fae -= 0.5 * np. einsum ("me ,am ->ae", Fms[o, v], t1 , optimize =True)
Fae += 1.0 * np. einsum ("mafe ,fm ->ae", Jmsa[o, v, v, v], t1 , optimize =True)
Fae -= 0.5 * np. einsum ("mnef ,afmn ->ae", Jmsa[o, o, v, v], ttau , optimize =True)

# add the contributions to Fmi
Fmi += 0.5 * np. einsum ("me ,ei ->mi", Fms[o, v], t1 , optimize =True)
Fmi += 1.0 * np. einsum ("mnie ,en ->mi", Jmsa[o, o, o, v], t1 , optimize =True)



27 A.5. Coupled Cluster Singles and Doubles

Fmi += 0.5 * np. einsum ("mnef ,efin ->mi", Jmsa[o, o, v, v], ttau , optimize =True)

# add the contributions to Fme
Fme += np. einsum ("mnef ,fn ->me", Jmsa[o, o, v, v], t1 , optimize =True)

# define Wmnij , Wabef and Wmbej
Wmnij = Jmsa[o, o, o, o]. copy ()
Wabef = Jmsa[v, v, v, v]. copy ()
Wmbej = Jmsa[o, v, v, o]. copy ()

# define some complementary variables used in the Wmbej intermediate
t12 = 0.5 * t2 + np. einsum ("fj ,bn ->fbjn", t1 , t1 , optimize =True)

# add contributions to Wmnij
Wmnij += 0.25 * np. einsum ("efij ,mnef ->mnij", tau , Jmsa[o, o, v, v], optimize =True)
Wabef += 0.25 * np. einsum ("abmn ,mnef ->abef", tau , Jmsa[o, o, v, v], optimize =True)
Wmbej += 1.00 * np. einsum ("fj ,mbef ->mbej", t1 , Jmsa[o, v, v, v], optimize =True)
Wmbej -= 1.00 * np. einsum ("bn ,mnej ->mbej", t1 , Jmsa[o, o, v, o], optimize =True)
Wmbej -= 1.00 * np. einsum ("fbjn ,mnef ->mbej", t12 , Jmsa[o, o, v, v], optimize =True)

# define the permutation arguments for Wmnij and Wabef and add them
PWmnij = np. einsum ("ej ,mnie ->mnij", t1 , Jmsa[o, o, o, v], optimize =True)
PWabef = np. einsum ("bm ,amef ->abef", t1 , Jmsa[v, o, v, v], optimize =True)

# add the permutations to Wmnij and Wabef
Wmnij += PWmnij - PWmnij . swapaxes (2, 3)
Wabef += PWabef . swapaxes (0, 1) - PWabef

# define the right hand side of the T1 and T2 amplitude equations
rhs_T1 , rhs_T2 = Fms[v, o]. copy (), Jmsa[v, v, o, o]. copy ()

# calculate the right hand side of the CCSD equation for T1
rhs_T1 += 1.0 * np. einsum ("ei ,ae ->ai", t1 , Fae , optimize =True)
rhs_T1 -= 1.0 * np. einsum ("am ,mi ->ai", t1 , Fmi , optimize =True)
rhs_T1 += 1.0 * np. einsum ("aeim ,me ->ai", t2 , Fme , optimize =True)
rhs_T1 -= 1.0 * np. einsum ("fn ,naif ->ai", t1 , Jmsa[o, v, o, v], optimize =True)
rhs_T1 -= 0.5 * np. einsum ("efim ,maef ->ai", t2 , Jmsa[o, v, v, v], optimize =True)
rhs_T1 -= 0.5 * np. einsum ("aemn ,nmei ->ai", t2 , Jmsa[o, o, v, o], optimize =True)

# contracted F matrices that used in the T2 equations
Faet = np. einsum ("bm ,me ->be", t1 , Fme , optimize =True)
Fmet = np. einsum ("ej ,me ->mj", t1 , Fme , optimize =True)

# define the permutation arguments for all terms in the equation for T2
P1 = np. einsum ("aeij ,be ->abij", t2 , Fae - 0.5 * Faet , optimize =True)
P2 = np. einsum ("abim ,mj ->abij", t2 , Fmi + 0.5 * Fmet , optimize =True)
P3 = np. einsum ("aeim ,mbej ->abij", t2 , Wmbej , optimize =True)
P3 -= np. einsum ("ei ,am ,mbej ->abij", t1 , t1 , Jmsa[o, v, v, o], optimize =True)
P4 = np. einsum ("ei ,abej ->abij", t1 , Jmsa[v, v, v, o], optimize =True)
P5 = np. einsum ("am ,mbij ->abij", t1 , Jmsa[o, v, o, o], optimize =True)

# calculate the right hand side of the CCSD equation for T2
rhs_T2 += 0.5 * np. einsum ("abmn ,mnij ->abij", tau , Wmnij , optimize =True)
rhs_T2 += 0.5 * np. einsum ("efij ,abef ->abij", tau , Wabef , optimize =True)
rhs_T2 += P1. transpose (0, 1, 2, 3) - P1. transpose (1, 0, 2, 3)
rhs_T2 -= P2. transpose (0, 1, 2, 3) - P2. transpose (0, 1, 3, 2)
rhs_T2 += P3. transpose (0, 1, 2, 3) - P3. transpose (0, 1, 3, 2)
rhs_T2 -= P3. transpose (1, 0, 2, 3) - P3. transpose (1, 0, 3, 2)
rhs_T2 += P4. transpose (0, 1, 2, 3) - P4. transpose (0, 1, 3, 2)
rhs_T2 -= P5. transpose (0, 1, 2, 3) - P5. transpose (1, 0, 2, 3)

# Update T1 and T2 amplitudes and save the previous iteration
t1 , t2 = rhs_T1 / Emss , rhs_T2 / Emsd; E_CCSD_P = E_CCSD

# evaluate the energy
E_CCSD = 1.00 * np. einsum ("ia ,ai", Fms[o, v], t1 )
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E_CCSD += 0.25 * np. einsum ("ijab ,abij", Jmsa[o, o, v, v], t2 )
E_CCSD += 0.50 * np. einsum ("ijab ,ai ,bj", Jmsa[o, o, v, v], t1 , t1)

# print the CCSD energy
print(" CCSD ENERGY : {:.8f}". format (E_HF + E_CCSD + VNN))

Listing A.5: CCD and CCSD method exercise code solution.
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MP2 Møller–Plesset Perturbation Theory of 2nd Order. 13, 24

MP3 Møller–Plesset Perturbation Theory of 3rd Order. 13, 24

MPPT Møller–Plesset Perturbation Theory. 4, 12

MS Molecular Spinorbital. 8, 9, 11, 13, 15, 19

post-HF post-Hartree–Fock. 8, 14, 18

RHF Restricted Hartree–Fock. 5, 8

SCF Self-Consistent Field. 6, 10
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